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A B S T R A C T
I n  t h e  d e s i g n  o f  c o n t r o l  s y s t e m s ,  t h e  s e l e c t i o n  o f  a p e r ­
f o r m a n c e  i n d e x  i s  f r e q u e n t l y  a d i f f i c u l t  o n e .  I n  s o me  a p p l i c a t i o n s ,  
s u c h  a s ,  t i m e  o p t i m a l  c o n t r o l ,  t h e  i n d e x  i s  p r e d e t e r m i n e d ,  b u t  
i n  o t h e r  c a s e s  t h e  d e c i s i o n  i s  n o t  a s  c l e a r  c u t .  The  s e l e c t i o n  
o f  a p e r f o r m a n c e  i n d e x  i s  a n  i m p o r t a n t  o n e ,  s i n c e  i t  d e t e r m i n e s  
t h e  n a t u r e  o f  t h e  s y s t e m  t r a n s i e n t  r e s p o n s e .  T h e r e f o r e ,  s o me  
g u i d a n c e  i s  r e q u i r e d  i n  s e l e c t i n g  a s u i t a b l e  p e r f o r m a n c e  i n d e x .
The  w o r k  d e s c r i b e d  i n  t h i s  t h e s i s  m a k e s  a n  a t t e m p t  t o  
s i m p l i f y  t h e  s e l e c t i o n  o f  a s u i t a b l e  p e r f o r m a n c e  i n d e x .  T h i s  
i s  d o n e  by  d e s i g n i n g  t h e  s y s t e m  s o  a s  t o  m i n i m i z e  a c e r t a i n  p e r ­
f o r m a n c e  i n d e x  d u r i n g  t h e  t r a n s i e n t  p e r i o d  o f  a s e c o n d  o r d e r  
s y s t e m .  A d d i t i o n a l  i n d i c e s  a r e  e v a l u a t e d  d u r i n g  t h e  t r a n s i e n t  
p e r i o d  a n d  t h e  r e s u l t s  a r e  t a b u l a t e d  f o r  e a c h  i n d e x .  T h i s  w a s  
c a r r i e d  o u t  f o r  s i x  p e r f o r m a n c e  i n d i c e s ,  a n d  e a c h  t i m e  a l l  t h e  
i n d i c e s  a r e  e v a l u a t e d .  The  r e s u l t s  f o r  e a c h  t r a n s i e n t  r e s p o n s e  
w e r e  t a b u l a t e d  i n  o r d e r  t o  p r o v i d e  a q u i c k  r e f e r e n c e  f o r  t h e  
s e l e c t i o n  o f  a s u i t a b l e  i n d e x .
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NOMENCLATURE
T s y s t e m  t i m e  c o n s t a n t
K g a i n  o f  t h e  s y s t e m  ( =  1 . 0 )
y K/ T
C d a m p i n g  r a t i o  o f  a s e c o n d  o r d e r  s y s t e m
G ( s )  o p e n  l o o p  t r a n s f e r  f u n c t i o n  i n  t h e  L a p l a c e  v a r i a b l e
E ( s )  c l o s e d  l o o p  e r r o r  i n  t h e  L a p l a c e  v a r i a b l e  s
e ( t )  c l o s e d  l o o p  e r r o r  i n  t h e  t i m e  d o m a i n
F ( x , m , t )  p e r f o r m a n c e  i n d e x  w h i c h  may be  a f u n c t i o n  o f  x , m ,
a n ^  _  a n d  t
0 ( x , m , t )  ^
I SE I e ( t )  d tIr 2I TSE 1 t  e ( t )  d t
R ( s )  L a p l a c e  t r a n s f o r m  o f  t h e  t i m e  f u n c t i o n  s t e p  i n p u t  r ( t )
c ( s )  L a p l a c e  t r a n s f o r m  o f  t h e  t i m e  f u n c t i o n  c ( t )
m ° ( t )  o p t i m u m  i n p u t  t o  t h e  s y s t e m
x ( t )  S y s t e m  s t a t e  v a r i a b l e s
H ( x , m , p , t )  H a m i l t o n i a n  f u n c t i o n  
o r H
p ( t )  A d j o i n t  s y s t e m  s t a t e  v a r i a b l e
E The  d e s i r e d  v a l u e  o f  t h e  s y s t e m  o u t p u t
+1 i  f  X >  0 
s g n ( x ) =  0 i f  X = 0 
- 1  i f  X < .  0
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I .  INTRODUCTION
The d e s i g n  o f  c o n t r o l  s y s t e m s  by  t h e  c l a s s i c a l  c o n t r o l  t e c h ­
n i q u e s  i s  r a r e l y  u s e d  a t  t h e  p r e s e n t  t i m e ,  d u e  m a i n l y  t o  t h e  
b e t t e r  m e t h o d s  n o w  a v a i l a b l e  w i t h  t h e  m o d e r n  c o n t r o l  t h e o r y .
The  a m o u n t  o f  i n f o r m a t i o n  t h a t  c a n  b e  o b t a i n e d  a b o u t  t h e  s y s t e m  
u s i n g  c l a s s i c a l  c o n t r o l  i s  l i m i t e d  t o  t h e  s y s t e m  f r e q u e n c y  r e s ­
p o n s e ,  s t a b i l i t y ,  t r a n s i e n t  r e s p o n s e ,  e t c .  M o s t  o f  t h e  d e s i g n  
t e c h n i q u e s  i n  c l a s s i c a l  c o n t r o l  a r e  by  g r a p h i c a l  m e a n s .  T h i s  
m a k e s  t h e  d e s i g n  s o m e w h a t  l a b o r i o u s ,  s i n c e  t r i a l  a n d  e r r o r  
m e t h o d s  h a v e  t o  b e  u s e d  i n  t h e  d e s i g n .
O p t i m i z a t i o n  t e c h n i q u e s  c a n  b e  u s e d  i n  c l a s s i c a l  c o n t r o l  a s  
w e l l  a s  i n  m o d e r n  c o n t r o l  t h e o r y .  S y s t e m  o p t i m i z a t i o n  i s  c o n ­
c e r n e d  w i t h  m a k i n g  s o me  p e r f o r m a n c e  i n d e x  o r  c r i t e r i a  t a k e  o n  a 
e x t r e m u m  v a l u e ,  i n  w h i c h  c a s e  we  h a v e  o p t i m u m  c o n t r o l .  A p e r ­
f o r m a n c e  i n d e x  i s  u s e d  t o  u n i q u e l y  d e t e r m i n e  t h e  o p t i m u m  o p e r a t i n g  
c o n d i t i o n s  o f  t h e  s y s t e m .  When a s y s t e m  i s  o p t i m u m  i t  i s  u s u a l l y  
o n l y  o p t i m u m  w i t h  r e s p e c t  t o  t h e  p e r f o r m a n c e  i n d e x  o r  c r i t e r i a  
u s e d .
T h e r e  a r e  b a s i c a l l y  t w o  o p t i m i z i n g  t e c h n i q u e s :
i )  The  t y p e  o f  c o n t r o l l e r  a n d  t h e  n a t u r e  o f  t h e  s y s t e m  a r e  
p r e d e t e r m i n e d  a n d  t h e  p a r a m e t e r s  o f  b o t h  a r e  s e l e c t e d  s o  a s  
t o  o p t i m i z e  s o m e  c r i t e r i a ,
i i )  The  c o n t r o l l e r  i s  d e s i g n e d  s o  a s  t o  o p t i m i z e  s o m e  c h o s e n  
p e r f o r m a n c e  c r i t e r i a  o f  t h e  s y s t e m .
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2The  f i r s t  m e t h o d  f a l l s  i n t o  t h e  c l a s s  o f  p a r a m e t e r  o p t i m i ­
z a t i o n .  P a r a m e t e r  o p t i m i z a t i o n  h a s  l i m i t a t i o n s  i n  t h a t  t h e  
s y s t e m  r e s p o n s e  i s  u s u a l l y  o s c i l l a t o r y  w i t h  o v e r s h o o t s .  The  
p e r f o r m a n c e  i n d i c e s  n o r m a l l y  u s e d  w i t h  p a r a m e t e r  o p t i m i z a t i o n  
a r e  I S E  a n d  I T S E .  O t h e r  i n d i c e s  a r e  n o t  s o  a m e n a b l e  t o  p a r a ­
m e t e r  o p t i m i z a t i o n  a n d  a r e  s e l d o m  u s e d .
The s e c o n d  m e t h o d  u s e s  e i t h e r  t h e  d y n a m i c  p r o g r a m m i n g  o r  
t h e  ma x i mu m p r i n c i p l e .  D y n a m i c  p r o g r a m m i n g  a l w a y s  r e s u l t s  i n  a 
f e e d b a c k  c o n t r o l l e r  w i t h  t i m e  v a r y i n g  g a i n s  i f  o p t i m i z e d  f o r  t h e  
f i n i t e  t i m e  i n t e r v a l .  The  f e e d b a c k  L o o p s  ma k e  t h e  o v e r a l l  s y s t e m  
s t a b l e  d u r i n g  t h e  o p t i m i z i n g  i n t e r v a l  a n d  t h e  e f f e c t  o f  a n y  d i s t u r b ­
a n c e s  a t  t h e  o u t p u t  a r e  r e d u c e d .  D y n a m i c  p r o g r a m m i n g  d o e s  h o w ­
e v e r  r e q u i r e  a  k n o w l e d g e  o f  a l l  t h e  s t a t e  v a r i a b l e s ,  w h i c h  m a k e s  
i t  u n s u i t a b l e  f o r  c e r t a i n  s y s t e m s .  T h i s  l i m i t a t i o n  c a n  i n  s o me  
c a s e s  b e  o v e r c o m e  b y  u s i n g  s t a t e  v a r i a b l e  e s t i m a t i o n  t e c h n i q u e s .  
A n o t h e r  s e r i o u s  d i s a d v a n t a g e  w i t h  d y n a m i c  p r o g r a m m i n g  i s  t h a t  i t  
i s  n o t  v e r y  e a s i l y  a p p l i c a b l e  t o  d i s c o n t i n u o u s  c o n t r o l .
The  ma x i mu m p r i n c i p l e  i n v o l v e s  e x t r e m i z a t i o n  o f  t h e  H a m i l t o n ­
i a n  f u n c t i o n .  I f  t h e  p e r f o r m a n c e  i n d e x  i s  t o  b e  m i n i m i z e d  t h e  
H a m i l t o n i a n  i s  m a x i m i z e d .  E x t r e m i z a t i o n  o f  t h e  H a m i l t o n i a n  p r o ­
v i d e s  a n  a d j o i n t  s y s t e m ,  t h e  o u t p u t  o f  w h i c h  i s  f e d  t h r o u g h  a 
c o n t r o l l e r  t o  t h e  p r o c e s s  o r  p l a n t .  The  c o n t r o l l e r  c a n  be  c o n t i n ­
u o u s  o r  d i s c o n t i n u o u s ,  d e p e n d i n g  u p o n  t h e  p e r f o r m a n c e  i n d e x  u s e d .
I f  t h e  p l a n t  t o  b e  c o n t r o l l e d  i s  s t a b l e ,  t h e n  t h e  a d j o i n t  s y s t e m  
i s  u n s t a b l e .  T h i s  i s  n o t  a  s e r i o u s  l i m i t a t i o n  s i n c e  t h e  a d j o i n t  
s y s t e m  c a n  b e  ma d e  s t a b l e  o v e r  t h e  o p t i m i z i n g  i n t e r v a l .
One  i m p o r t a n t  p o i n t  t h a t  s h o u l d  b e  r e a l i z e d  i s  t h a t  t h e
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3p e r f o r m a n c e  i n d e x  d i c t a t e s  t h e  t y p e  o f  c o n t r o l l e r  t h a t  w i l l  be  
u s e d .  T h i s  i s  m o r e  a p p a r e n t  by o b s e r v i n g  t h e  H a m i l t o n i a n  
f u n c t i o n .  I f  t h e  c o n t r o l  s i g n a l  m,  a p p e a r s  i n  t h e  p e r f o r m a n c e  
i n d e x  t o  a p o w e r  g r e a t e r  t h a n  u n i t y ,  t h e n  t h i s  w i l l  r e s u l t  i n  
a n a l o g  o r  c o n t i n u o u s  c o n t r o l ,  o t h e r w i s e  t h e  c o n t r o l  w i l l  b e  d i s ­
c o n t i n u o u s  ( may b e  f o a n g - b a n g ,  o r  o n - o f f ) .  A l s o ,  t h e  p e r f o r m a n c e  
i n d e x  d i c t a t e s  w h e t h e r  t h e  r e s u l t a n t  c o n t r o l l e r  i s  o p e n  o r  c l o s e d  
l o o p .  F o r  a c l o s e d  l o o p  c o n t r o l l e r  t h e  o u t p u t  s t a t e  v a r i a b l e  
m u s t  a p p e a r  i n  t h e  p e r f o r m a n c e  i n d e x  t o  a p o w e r  g r e a t e r  t h a n  
u n i t y ,  o t h e r w i s e  t h e  c o n t r o l l e r  w i l l  b e  o p e n  l o o p .
The  a i m  o f  t h e  w o r k  i n  t h i s  t h e s i s  w a s  t o  s t u d y  t h e  r o l e  o f  
t h e  p e r f o r m a n c e  i n d i c e s  i n  o p t i m a l  c o n t r o l  o f  a s e c o n d  o r d e r  
s y s t e m .  T h i s  p r o b l e m  i s  o f  i n t e r e s t  i n  i n d u s t r y  w h e r e  i t  i s  
d e s i r a b l e  t o  g e t  t h e  p l a n t  o r  p r o c e s s  up t o  i t s  o p e r a t i n g  c o n d i ­
t i o n  a n d  a t  t h e  s a me  t i m e  e x t r e m i z e  s o m e  p e r f o r m a n c e  o r  c o s t  
c r i t e r i a .  The p o s s i b i l i t y  o f  u s i n g  e i t h e r  d y n a m i c  p r o g r a m m i n g  
o r  t h e  ma x i mu m p r i n c i p l e  w i l l  be  c o n s i d e r e d .
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I I .  PERFORMANCE I NDI CES  IN OPTIMAL CONTROL
I n  o p t i m a l  c o n t r o l ,  i t  i s  n e c e s s a r y  t o  h a v e  s o m e  m e a n s  o f  
a s s e s s i n g  t h e  p e r f o r m a n c e  o r  t h e  q u a l i t y  o f  c o n t r o l  o f  t h e  s y s t e m .
A p e r f o r m a n c e  i n d e x  i s  i n t r o d u c e d  t o  f u l f i l l  t h i s  r e q u i r e m e n t .
The  p e r f o r m a n c e  i n d e x  d e p e n d s  e n t i r e l y  o n  t h e  t y p e  o f  s y s t e m  
b e i n g  c o n t r o l l e d .  Mi n i mu m f u e l  i n d i c e s  a r e  u s e d  i n  a p p l i c a t i o n s  
s u c h  a s  s p a c e  v e h i c l e s  a n d  s a t t e l i t e  c o n t r o l  s y s t e m s .  I n  t h e s e  
s i t u a t i o n s  t h e  a m o u n t  o f  f u e l  t h a t  c a n  b e  c a r r i e d  i s  s e v e r e l y  
l i m i t e d  a n d  a n y  m a n u e v r e  m u s t  b e  p e r f o r m e d  u s i n g  t h e  l e a s t  a m o u n t  
o f  f u e l .  O t h e r  i n d i c e s ,  s u c h  a s  m i n i m u m  t i m e ,  r e q u i r e  t h a t  t h e  
m a n u e v r e  b e  c a r r i e d  o u t  i n  t h e  m i n i mu m p o s s i b l e  t i m e .  T h i s  
i n d e x  c o u l d  b e  u s e d  i n  t h e  d i v e  o r  s u r f a c e  c o n t r o l  s y s t e m  s e c t i o n  
o f  a s u b m a r i n e .  No o n e  i n d e x  c o u l d  p o s s i b l y  b e  u s e d  i n  a  c o m p l e x  
s y s t e m  t o  d e f i n e  t h e  o p t i m u m  p e r f o r m a n c e ,  a n d  u s u a l l y  l a r g e  s y s t e m s  
a r e  b r o k e n  do wn i n t o  s m a l l  s e c t i o n s  w h e r e  we  c a n  a p p l y  t h e  a p p r o ­
p r i a t e  i n d i c e s .
A p e r f o r m a n c e  i n d e x  i s  u s e d  a s  a  m e a n s  o f  d e t e r m i n i n g  
u n i q u e l y  t h e  o p t i m u m  o p e r a t i n g  c o n d i t i o n s  o f  a c o n t r o l  s y s t e m  
o r  p r o c e s s .  One  p o s s i b l e  p e r f o r m a n c e  i n d e x  i s  t o  m i n i m i z e  t h e  
s y s t e m  e r r o r .
We w o u l d  l i k e  t h e  s y s t e m  t o  r e s p o n d  t o  t h e  c o mma n d  w i t h o u t  
e r r o r .  T h i s  i s  n o t  g e n e r a l l y  p o s s i b l e  a n d  o u r  o n l y  a l t e r n a t i v e  
i s  t o  o p e r a t e  t h e  s y s t e m  i n  t h e  b e s t  p o s s i b l e  wa y  s u b j e c t  t o  
a n y  i m p o s e d  c o n s t r a i n t s .  The  c o n t r o l l e r  i s  d e s i g n e d  i n c o r p o r a t ­
i n g  t h e  i m p o s e d  c o n s t r a i n t s  a n d  a p e r f o r m a n c e  i n d e x  i s  u s e d  t o
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5c h e c k  t h e  s y s t e m  p e r f o r m a n c e .  The  c h o i c e  o f  t h e  p e r f o r m a n c e  
i n d e x  i s  a n  i m p o r t a n t  o n e  s i n c e  i t  d e t e r m i n e s  t h e  n a t u r e  o f  
s y s t e m  r e s p o n s e .  I n  s o me  c a s e s  u n d e s i r a b l e  r e s u l t s  c a n  be  
o b t a i n e d  by  t h e  w r o n g  c h o i c e  o f  a p e r f o r m a n c e  i n d e x .  O f t e n  a 
c o m p r o m i s e  h a s  t o  b e  r e a c h e d  i n  t h e  s e l e c t i o n  o f  a s u i t a b l e  
i n d e x ,  e s p e c i a l l y  i f  t h e  m o s t  s u i t a b l e  o n e  i s  d i f f i c u l t  t o  e v a ­
l u a t e  o r  i m p o s s i b l e  t o  o p t i m i s e .  L i s t e d  b e l o w  i s  a b r i e f  
s u mma r y  o f  s o me  o f  t h e  m o s t  c o mmo n p e r f o r m a n c e  i n d i c e s .
The s y s t e m  d e s c r i b e d  i n  t h i s  t h e s i s  h a s  t h e  o p e n  l o o p  t r a n s ­
f e r  f u n c t i o n ,
K/ T
G ( s )  = — -------------;— ~  w h e r e  K = 1 . 0  ( 2 . 1 )
s ( s  + 1 / T )
a n d  i s  s h o w n  i n  a  c l o s e d  l o o p  c o n f i g u r a t i o n  i n  F i g ,  1 .
i )
■tf
[ e ^  - f A r a ^ j d t
T h i s  i s  o n e  o f  t h e  m o s t  w i d e l y  u s e d  i n d i c e s ,  i n v o l v i n g  
q u a d r a t i c  t e r m s  o f  e r r o r  a n d  t h e  s y s t e m  c o n t r o l  s i g n a l  m.  The  
A i n  t h e  i n d e x  i s  t h e  L a g r a n g e  m u l t i p l i e r  i f  t h e r e  a r e  c o n ­
s t r a i n t s  i n  t h e  s y s t e m ,  o t h e r w i s e  i t  i s  o n l y  a w e i g h t i n g  f a c t o r .  
T h i s  i n d e x  a t t e m p t s  t o  m i n i m i z e  b o t h  t h e  s y s t e m  e r r o r  a n d  a l s o  
t h e  i n p u t  e n e r g y .  I t  i s  e a s i l y  a p p l i c a b l e  i n  e i t h e r  t h e  ma x i mu m  
p r i n c i p l e  o r  t h e  d y n a m i c  p r o g r a m m i n g  t e c h n i q u e s .  I n  b o t h  c a s e s  
i t  g i v e s  c o n t i n u o u s  a n d  c l o s e d  l o o p  c o n t r o l .
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T h i s  i n d e x  p e n a l i z e s  b o t h  p o s i t i v e  a n d  n e g a t i v e  e r r o r s  
e q u a l l y ,  s i n c e  t h e  p r o d u c t  i s  a l w a y s  p o s i t i v e .  I t  h a s  b e e n  
w i d e l y  u s e d  i n  t h e  p a s t ,  e s p e c i a l l y  i n  p a r a m e t e r  o p t i m i z a t i o n  
t e c h n i q u e s .  M i n i m i z a t i o n  o f  t h i s  i n d e x  u s i n g  p a r a m e t e r  o p t i m i ­
z a t i o n ,  p r o d u c e s  l i g h t l y  d a m p e d  s y s t e m s  h a v i n g  p o o r  r e l a t i v e  
s t a b i l i t y ^ ^ * ^ ^ .  I t  i s  a l s o  i n s e n s i t i v e  t o  s m a l l  e r r o r s  o r  d i s ­
t u r b a n c e s  a t  t h e  o u t p u t ,  w h i c h  w i l l  g o  u n d e t e c t e d .  The  i n t e g r a l  
c o u l d  b e  ma d e  z e r o  by  a p p l y i n g  a n  i n f i n i t e  i n p u t  t o  t h e  s y s t e m .  
T h i s  i s ,  h o w e v e r ,  i m p r a c t i c a l  s i n c e  i t  i s  d i f f i c u l t  t o  g e n e r a t e  
s u c h  h i g h  i n p u t s  a n d  t h e r e  w o u l d  i n v a r i a b l y  be  s a t u r a t i o n  i n  
t h e  s y s t e m .  I n  p r a c t i c e  t h i s  i n t e g r a l  w o u l d  h a v e  t o  b e  m i n i m i z e d  
w i t h  f i x e d  c o n s t r a i n t s  o n  v a r i o u s  q u a n t i t i e s  i n  t h e  s y s t e m ,
r
i i i )  I d t  
o
T h i s  i n d e x  i s  c o m m o n l y  c a l l e d  t h e  m i n i m u m  t i m e  o r  t i m e  o p t i ­
m a l  p e r f o r m a n c e  i n d e x .  I t  i s  u s e d  w h e n  i t  i s  d e s i r e d  t o  t r a n s f e r  
t h e  s y s t e m  f r o m  s o m e  f i x e d  i n i t i a l  s t a t e  t o  s o me  f i x e d  f i n a l  s t a t e  
i n  t h e  m i n i m u m  p o s s i b l e  t i m e .  F o r  a s e c o n d  o r d e r  s y s t e m  w i t h  
c o n s t r a i n t s  o n  t h e  c o n t r o l  s i g n a l ,  i t  h a s  b e e n  f o u n d  t h a t  m a x i ­
mum a v a i l a b l e  p o w e r  s h o u l d  b e  u s e d  a t  a l l  t i m e s  t o  e i t h e r  a c c e l e ­
r a t e  o r  t o  b r a k e  t h e  s y s t e m ^ ^ ^ .  T h i s  f o r m  o f  c o n t r o l  i s  c o m m o n ­
l y  c a l l e d  " b a n g - b a n g "  c o n t r o l .
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T h i s  i s  c a l l e d ,  t h e  m i n i m u m  e n e r g y  p e r f o r m a n c e  i n d e x .  I t  
i s  a m e a s u r e  o f  t h e  e n e r g y  r e q u i r e d  t o  t r a n s f e r  t h e  s y s t e m  f r o m  
a f i x e d  i n i t i a l  s t a t e  t o  s o me  p r e s c r i b e d  f i n a l  s t a t e .  The  t i m e  
r e q u i r e d  f o r  t h i s  m a n u e v r e ,  t g , ma y  o r  may n o t  b e  s p e c i f i e d .
The  X i n  t h e  i n d e x  i s  t h e  L a g r a n g e  m u l t i p l i e r  i f  t h e r e  a r e  c o n ­
s t r a i n t s  o n  t h e  i n p u t  m.  T h i s  i n d e x  i s  u s e d  w h e n  t h e  i n p u t  
e n e r g y  t o  t h e  s y s t e m  i s  l i m i t e d  a n d  m i s  c h o s e n  s o  a s  t o  m i n i m i z e  
t h e  p o w e r  o v e r  t h e  o p t i m i z i n g  i n t e r v a l .
v )
V
2t e  d t
T h i s  i n d e x  i s  s i m i l a r  t o  t h e  I S E ,  e x c e p t  t h a t  i t  d o e s  n o t  
p e n a l i z e  a s  s e v e r e l y  l a r g e  i n i t i a l  e r r o r s .  I t  d o e s ,  h o w e v e r ,  
p e n a l i z e  e r r o r s  t h a t  p e r s i s t  f o r  a l o n g  t i m e .  B e c a u s e  o f  t h i s  
i t  i s  m o r e  s e n s i t i v e  t o  d i s t u r b a n c e s  a t  t h e  o u t p u t ,  t h a n  t h e  
I S E i n d e x .  M i n i m i z a t i o n  o f  t h i s  i n d e x  u s i n g  p a r a m e t e r  o p t i m i z a ­
t i o n  p r o d u c e s  l i g h t l y  d a m p e d  s y s t e m s  h a v i n g  p o o r  r e l a t i v e  s t a b i ­
l i t y .  Th e  f i n a l  t i m e  t ^  may o r  may  n o t  b e  s p e c i f i e d .  I f  i t  i s ,  
t h e n  o n l y  t h e  e r r o r  up t o  t h e  t i m e  t g  i s  o f  i n t e r e s t .
r ^ f
v i  )
V
m d t
T h i s  i s  t h e  mi n i mu m f u e l  i n d e x ,  a n d  i s  p a r t i c u l a r l y  u s e f u l  
i n  a p p l i c a t i o n s  w h e r e  t h e  a m o u n t  o f  a v a i l a b l e  f u e l  i s  l i m i t e d .  
I n  t h e s e  c a s e s  t h e  c o n t r o l l e r  i s  d e s i g n e d  s o  t h a t  t h e  s y s t e m
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c o n s u m e s  t h e  mi n i m u m a m o u n t  o f  f u e l  i n  t r a n s f e r r i n g  t h e  s y s t e m  
f r o m  s o me  f i x e d  i n i t i a l  s t a t e  t o  s o me  f i x e d  f i n a l  s t a t e .  U s u a l l y  
o t h e r  m e a s u r e s  o f  t h e  s y s t e m  a r e  s a c r i f i c e d ,  e . g .  s e t t l i n g  t i m e ,  
e t c . ,  i n  o r d e r  t o  a c h i e v e  t h e  m i n i m u m  f u e l  r e q u i r e m e n t .  F o r  
t y p e  0  a n d  t y p e  1 s y s t e m s  o n l y  o n e  s i g n  o f  t h e  c o n t r o l  s i g n a l  
i s  r e q u i r e d ,  t h a t  i s  e i t h e r  +M o r  - H a n d  z e r o .  T h i s  r e q u i r e s  
ON- OFF c o n t r o l .  H o w e v e r ,  f o r  a t y p e  2 o r  h i g h e r  s y s t e m s , a  c h a n g e  
o f  s i g n  o f  t h e  c o n t r o l  s i g n a l  i s  r e q u i r e d ,  w i t h  p o s s i b l y  a z e r o  
i n p u t  i n  b e t w e e n  t h e  c o n t r o l l e r  s w i t c h i n g s .  I f  t h e  c o n t r o l  
s i g n a l  t o  a t y p e  0  o r  t y p e  1 ,  s y s t e m  c h a n g e s  s i g n ,  t h i s  w i l l  
r e s u l t  i n  s u b - o p t i m a l  c o n t r o l .
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P a r a m e t e r  o p t i m i z a t i o n  i n v o l v e s  t h e  s e l e c t i o n  o f  c o n t r o l l e r  
o r  s y s t e m  p a r a m e t e r s  i n  s u c h  a m a n n e r  t h a t  t h e  o p t i m u m  o p e r a t i n g  
c o n d i t i o n s  a r e  a c h i e v e d .  T h i s  f o r m  o f  o p t i m i z a t i o n  i s  u s e d  w h e n  
t h e  t y p e  o f  c o n t r o l l e r  a n d  s y s t e m  h a v e  b e e n  c h o s e n ,  b u t  t h e i r  
p a r a m e t e r s  c a n  b e  s e l e c t e d  a l m o s t  a t  w i l l .  T h i s  f o r m  o f  o p t i m i ­
z a t i o n  i s  u s u a l l y  t h e  c h e a p e s t  s i n c e  i t  r e q u i r e s  v e r y  l i t t l e
c h a n g e  t o  t h e  e x i s t i n g  s y s t e m .  T h e r e  i s  a c o n s i d e r a b l e  a m o u n t
( 1 , 2 , 3 )
o f  l i t e r a t u r e  a v a i l a b l e  o n  t h i s  s u b j e c t  , o n l y  a b r i e f
s u mma r y  w i l l  b e  g i v e n  h e r e .
The  m o s t  u s e d  p e r f o r m a n c e  c r i t e r i o n  w i t h  p a r a m e t e r  o p t i m i ­
z a t i o n  w i t h  s t e p  t y p e  i n p u t s  t o  t h e  s y s t e m  i s  t h e  I S E .  The  
I S E  i s  d e f i n e d  a s .
I S E  =
V
.CD
e ( t )  d t  ( 3 , 1 )
The  p a r a m e t e r s  o f  t h e  c o n t r o l l e r  a n d  t h e  s y s t e m  a r e  c h o s e n  
s o  a s  t o  m i n i m i z e  t h i s  i n t e g r a l  o v e r  t h e  p e r i o d  o f  i n t e g r a t i o n .  
The  i n t e g r a l  ( 3 , 1 )  c a n  b e  t r a n s f o r m e d  f r o m  t h e  t i m e  i n t o  t h e  
f r e q u e n c y  d o m a i n  a s  s h o w n  b e l o w .
I S E =
V
r ”  2 ,
e ( t )  d t  -  ^
zTTj 
o
E ( s )  .  E ( - s )  d s  ( 3 , 2 )
“ jco
w h e r e  E ( s )  i s  t h e  L a p l a c e  t r a n s f o r m  o f  t h e  t i m e  e r r o r  f u n c t i o n  
e ( t )  .
10
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The  v a l u e  o f  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 2 )  c a n  be  f o u n d  
f r o m  p u b l i s h e d  t a b l e s  p r o v i d i n g  E ( s )  c a n  b e  w r i t t e n  i n  t h e  f o r m
E ( s )  = ( 3 . 3 )
d ( s )
w h e r e  c ( s ) ^ c ^  + Cj^s + . . . + c ^ j ^ s  ( 3 . 4 )
a n d  d ( s )  &  c^ + d^ s  + .  .  . + d ^ s ^  ( 3 . 5 )
a n d  w h e r e  d ( s )  h a s  z e r o s  i n  t h e  l e f t  h a l f  p l a n e  o n l y .  T h i s
m a n i p u l a t i o n  o f  t h e  I S E i s  d u e  t o  P a r s e v a l  a n d  i s  r e f e r r e d  t o  
a s  P a r s e v a l * s  t h e o r e m .  T h u s  t h e  e v a l u a t i o n  o f  t h e  I SE i s  
s i m p l i f i e d  a n d  t h e  r e s u l t s  a r e  a v a i l a b l e  a s  p u b l i s h e d  t a b l e s .
The m i n i m i z a t i o n  o f  t h e  I S E  o n  a s e c o n d  o r d e r  s y s t e m ,  we  
h a v e  t h e  c h o i c e  o f  t wo  p a r a m e t e r s  w h i c h  c a n  b e  o p t i m i z e d .  Co n ­
s i d e r  t h e  s e c o n d  o r d e r  s y s t e m  w h o s e  t r a n s f e r  f u n c t i o n  i s  g i v e n  
by
G ( s )  = -------   ( 3 . 6 )
s ( s T + l )
a n d  we  n e e d  t o  d e t e r m i n e  K a n d  T t o  ma k e  I SE t a k e  o n  t h e  mi n i mu m  
v a l u e .  To ma k e  u s e  o f  P a r s e v a l * s  t h e o r e m  we  n e e d  t h e  c l o s e d  l o o p  
s y s t e m  e r r o r  o f  F i g .  2 ,  a n d  t h e  e r r o r  i s  g i v e n  by
*  W T .) ( 3 . 7 )
TS +S+K s  + 1 / T  S + K/ T
E ( s )  = ( 3 . 8 )
s  + a s + K a
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w h e r e  R i s  t h e  s t e p  i n p u t  t o  t h e  s y s t e m  
a n d  a i s  1 / T
U s i n g  P a r s e v a l * s  t h e o r e m  o n  ( 3 . 8 ) ,  we  h a v e
Ka + a^ 1 1
I SE = R = R + ___
2Ka^ 2a 2K
( 3 . 9 )
The m i n i m i z a t i o n  o f  t h e  I SE w i t h  r e s p e c t  t o  K a n d  T g i v e s  
a t r i v i a l  r e s u l t ,  s i n c e  i t  r e q u i r e s  t h a t  K = 0 0  a n d  T = 0 .  I f  
K i s  v e r y  h i g h  t h e  r e s u l t a n t  s y s t e m  r e s p o n s e  i s  o s c i l l a t o r y  a n d  
t h e  r e l a t i v e  s t a b i l i t y  w o u l d  b e  v e r y  p o o r .
A m o r e  m e a n i n g f u l  r e s u l t  w i l l  b e  o b t a i n e d  i f  t h e  o p t i m i z a ­
t i o n  i s  c a r r i e d  o u t  w i t h  r e s p e c t  t o  t h e  s y s t e m  d a m p i n g  r a t i o  
F o r  t h e  s y s t e m  o f  F i g .  2 i t  c a n  be  s h o w n  u s i n g  P a r s e v a l * s  t h e o r e m  
t h a t  t h e  d a m p i n g  w h i c h  m i n i m i z e s  t h e  I SE i s
^  = 0 .  5
Wi t h  t h i s  v a l u e  o f  Ç> , i t  c a n  b e  s h o w n  t h a t
( 3 . 1 0 )
I S E m i n  " T
a n d  t h e  o p t i m u m  K = 1 / T
( 3 . 1 1 )
( 3 . 1 2 )
P a r s e v a l * s  t h e o r e m  h a s  b e e n  e x t e n d e d  by  W e s t c o t t  , f o r  t h e  
u s e  o f  t h e  I TSE p e r f o r m a n c e  i n d e x .  I f  a  s i m i l a r  o p t i m i z a t i o n  
p r o c e d u r e  i s  c a r r i e d  o u t  a s  a b o v e ,  b u t  t h i s  t i m e  u s i n g  t h e  
I TSE i n d e x ,  t h e  f o l l o w i n g  r e s u l t s  w i l l  be  o b t a i n e d .
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The  d a m p i n g  w h i c h  m i n i m i z e s  I TSE i s  C.  = 0 . 5 9 5  ( 3 . 1 3 )
a n d  2
I TSE . = T ( 3 . 1 4 )
mi n
a n d  t h e  o p t i m u m
K = 1 . 0 / 1 . 4 4  T^ ( 3 . 1 5 )
C o m p a r i n g  t h e  v a l u e s  o f  Ç  o b t a i n e d  t o  ma k e  b o t h  i n d i c e s  
t a k e  o n  a mi n i mu m v a l u e ,  b o t h  r e s u l t s  a g r e e  w i t h  t h a t  o b t a i n e d  
by  Gr a ha m a n d  L a t h r o p ^ .  The  s y s t e m  o f  F i g .  2 w a s  s i m u l a t e d  
o n  a d i g i t a l  c o m p u t e r ,  t h e  s i m u l a t i o n  r e s u l t s  a r e  d i s p l a y e d  i n  
F i g .  3 .
The  s i m u l a t i o n  r e s u l t s  o f  F i g .  3 s h o w  t h a t  a s  t h e  d a m p i n g  
r a t i o  i s  d e c r e a s e d  t h i s  r e s u l t s  i n  a m o r e  o s c i l l a t o r y  r e s p o n s e .
The  v a l u e s  o f  I SE a n d  I TS E a g r e e  w i t h  t h e  c a l c u l a t e d ,  t h e  s i m u ­
l a t e d  v a l u e s  a r e
I S E = 1 . 9 9 9  ( 3 . 1 6 )
I TSE = 4 . 0 0 6  ( 3 . 1 7 )
B o t h  t h e  r e s u l t s  w e r e  t a k e n  f o r  a 1 5  s e c o n d  s i m u l a t i o n  
i n t e r v a l .  I n  p a r a m e t e r  o p t i m i z a t i o n ,  we k no w t h a t  t h e  b e s t  s y s t e m  
r e s p o n s e  w i l l  b e  o b t a i n e d  i f  C.  = 0 . 7 ,  a n d  w h a t  we a r e  d o i n g  i n  
e f f e c t ,  i s  t r y i n g  t o  f i n d  a n  i n d e x  w h i c h  g i v e s  t h i s  r e s u l t .
The  s i m u l a t i o n  r e s u l t s  c o n f i r m  t h a t  t h e  i n d e x  w h i c h  g i v e s  a 
d a m p i n g  r a t i o  o f  a r o u n d  0 . 7  g i v e s  t h e  b e s t  o v e r a l l  r e s u l t s ,  i n  
t h i s  c a s e  I TSE w o u l d  s e e m  t o  b e  s u p e r i o r .  I t s  s e t t l i n g  t i m e  i s  
s m a l l e r  a n d  a l s o  t h e  o v e r s h o o t  i s  l e s s  t h a n  f o r  t h e  I SE i n d e x .
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I V .  OPTIMAL CONTROL
A c o n t r o l  s y s t e m  c a n  be  o p t i m a l  i n  a  s e n s e  t h a t  a p e r f o r m ­
a n c e  i n d e x  o r  c r i t e r i a  i s  e x t r e m i z e d .  I d e a l l y ,  we w o u l d  l i k e  
t h e  c o n t r o l  s y s t e m  t o  e x c e c u t e  t h e  c o m m a n d s  w i t h  no  e r r o r  a t  
a l l .  T h i s  i s  a l m o s t  i m p o s s i b l e  i n  p r a c t i c e  a n d  t h e  n e x t  b e s t  
s o l u t i o n  i s  t o  t r y  a n d  m i n i m i z e  t h e  s y s t e m  e r r o r .  We n e e d  n o t  
t a k e  t h e  s y s t e m  e r r o r  a s  t h e  c r i t e r i a ,  we  c o u l d  j u s t  a s  w e l l  
m i n i m i z e  t h e  f u e l  o r  t h e  e n e r g y  t o  t h e  s y s t e m .  W h a t e v e r  p e r ­
f o r m a n c e  i n d e x  we u s e ,  we m u s t  e n s u r e  t h a t  t h e  s y s t e m  i s  o p e r a t ­
i n g  o p t i m a l l y .  I t  s h o u l d  be  r e m e m b e r e d  t h a t  u s u a l l y  a s y s t e m  
i s  o n l y  o p t i m a l  w i t h  r e s p e c t  t o  o n e  p e r f o r m a n c e  i n d e x .  I t  i s  
i m p o s s i b l e  t o  ma k e  a s y s t e m  o p t i m a l  w i t h  r e s p e c t  t o  a l l  o u r  
i n d i c e s .  The  t wo  m o s t  p o w e r f u l  o p t i m i z i n g  t e c h n i q u e s  a v a i l a b l e  
a t  t h e  p r e s e n t  t i m e  a r e  d y n a m i c  p r o g r a m m i n g  a n d  t h e  max i mum  
p r i n c i p l e .  B o t h  m e t h o d s  w i l l  b e  d e s c r i b e d  a n d  t h e i r  a d v a n t a g e s  
a n d  d i s a d v a n t a g e s  w i l l  b e  d i s c u s s e d  i n  t h e  n e x t  t wo  s e c t i o n s .
4 . 1  DYNAMIC PROGRAMMING
D y n a mi c  p r o g r a m m i n g  h a s  b e e n  f o u n d  t o  b e  v e r y  u s e f u l  w i t h  
c e r t a i n  t y p e s  o f  o p t i m a l  c o n t r o l  p r o b l e m s .  I t s  m a i n  a d v a n t a g e  
i s  t h a t  i t  p r o v i d e s  a c l o s e d  l o o p  c o n t r o l l e r  w i t h  t i m e  v a r y i n g  
g a i n s  t h a t  a p p r o a c h  z e r o  a t  t h e  e n d  o f  t h e  o p t i m i z i n g  i n t e r v a l .  
T h i s  i s  i n  c o n t r a s t  w i t h  t h e  ma x i mu m p r i n c i p l e  w h e r e  t h e  a d j o i n t  
v e c t o r s  t e n d  t o  i n f i n i t y .  The  t h e o r y  b e h i n d  t h e  d y n a m i c  p r o g r a m ­
i n g  w i l l  b e  s t a t e d  w i t h o u t  p r o o f .
C o n s i d e r  a n  n t h  o r d e r  s y s t e m  c h a r a c t e r i z e d  by t h e  d i f f e r e n ­
t i a l  e q u a t i o n .
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x ( t )  = A ( t ) x ( t )  + D ( t ) n i ( t )  ( 4 . 1 )
w h e r e  x  i s  a n  n x  1 v e c t o r  r e p r e s e n t i n g  t h e  s t a t e  o f  t h e  p r o c e s s  
in i s  a n  r  X 1 c o n t r o l  v e c t o r  
A i s  t h e  c o e f f i c i e n t  m a t r i x  
D i s  t h e  d r i v i n g  m a t r i x
The  p r o b l e m  n o w  i s  t o  d e t e r m i n e  t h e  o p t i m u m  c o n t r o l  s i g n a l  
m ( t )  w h i c h  w i l l  e x t r e m i z e  a n  i n t e g r a l  p e r f o r m a n c e  i n d e x  o f  t h e  
t y p e
C '  - -I ( m ) = l  F ( x , m , t ) d t  ( 4 . 2 )
o v e r  t h e  i n t e r v a l  o f  t i m e  t  t o  t ^ .  L e t  t h e  m i n i m u m  o f  t h e  i n ­
t e g r a l  ( 4 . 2 )  b e
f ( x , t )  = mi n
m
F ( x , m , t ) d t  ( 4 . 3 )
t
B e l l m a n ’ s  p r i n c i p l e  o f  o p t i m a l i t y  s t a t e s  t h a t  i f  we  h a v e  t h e  
o p t i m a l  t r a j e c t o r y ,  t h e n  a n y  p o r t i o n  o f  t h i s  t r a j e c t o r y  m u s t  
n e c e s s a r i l y  b e  o p t i m a l  i t s e l f .  A p p l y i n g  t h e  p r i n c i p l e  o f  o p t i ­
m a l i t y  t o  ( 4 . 3 )  y i e l d s
t + A  ^ t ,
f ( x , t )  = m i n F ( x , m , t ) d tF ( x , m , t ) d t  + mi n
( 4 . 4 )
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f  ( x , t )  = mi n
m
r  t  +A
F ( x , m , t ) d t  + f  ( x  + X A  ,  t  + & )
( 4 . 5 )
A s s u m i n g  A  t o  be  v e r y  s m a l l  a n d  e x p a n d i n g  t h e  s e c o n d  t e r m  on  
t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 5 )  u s i n g  t h e  T a y l o r  s e r i e s ,  we h a v e .
f ( x , t )  = rain 
m
F ( x , m , t ) A  + f ( x , t )  + X ^  ^  A + E ( A  )3F
2 x  3 t
( 4 . 6 )
w h e r e  E ( A )  i s  t h e  e r r o r  i n c u r r e d  b y  t h e  t r u n c a t i o n  o f  t h e  
T a y l o r  s e r i e s .  T a k i n g  t h e  l i m i t  a s  A t e n d s  t o  z e r o ,  we h a v e  
t h a t
—  —  T  \ c  \  c
0 ( 4 . 7 )mi n
m
  * àp > P
F ( x , m , t )  + X — ; +  £ _
o x  at
r e a r r a n g i n g  ( 4 . 7 ) ,  we  h a v e
-
a t
= rai n 
m
F ( x , m ,  t )  + X ( 4 . 8 )
E q u a t i o n  ( 4 . 8 )  i s  k n o wn  a s  B e l l m a n n ’ s  f u n c t i o n a l  e q u a t i o n .  
The  o p t i m i z a t i o n  p r o b l e m  h a s  b e e n  r e d u c e d  t o  o n e  i n  w h i c h  we h a v e  
t o  s o l v e  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  ( 4 , 8 )  f o r  t h e  f u n c t i o n  
f ( 3 T , t ) .  The  o p t i m u m  i n p u t  i s  o b t a i n e d  f r o m  ( 4 . 8 )  a n d  i s  g i v e n
b y .
â m




bu t X = A ( t )  x ( t )  + D ( t )  m ( t )
( 4 . 9 )
h e n c e  ( 4 . 9 )  i s  s i m p l i f i e d  t o
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F ( x , m , t )  + ^ A ( t )  x ( t )  4- D ( t )  n i ( t ) j
àîc
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= 0  ( 4 . 1 0 )
om=m
The  o p t i m u m  i n p u t  o b t a i n e d  f r o m  ( 4 . 1 0 )  i s  s u b s t i t u t e d  i n t o  
( 4 . 8 )  a n d  t h e  r e s u l t i n g  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  i s  s o l v e d  
f o r  t h e  f u n c t i o n  f ( x , t ) .
I f  t h e  f u n c t i o n  F ( x , m , t )  i s  q u a d r a t i c  i n  t h e  s y s t e m  e r r o r
e ( t )  a n d  t h e  c o n t r o l  s i g n a l  m ( t ) ,  t h e n  b y  u s i n g  M e r r i a m ' s  p a r a -
9 —
m e t r i c  e x p a n s i o n  t h e  f u n c t i o n  f ( x , t )  c a n  b e  a p p r o x i m a t e d  by
f ( x , t )  = bo  -  b . x .  + /  . b x j x .  ( 4 . 1 1 )
j = l   ^  ^ i = l  j = l   ^ J
w h e r e  n i s  t h e  o r d e r  o f  t h e  s y s t e m ,  a n d  t h e  b ’ s  a r e  t i m e  v a r y i n g  
g a i n s  t h a t  w i l l  a p p e a r  a s  p a r a m e t e r s  o f  t h e  c o n t r o l l e r .
S u b s t i t u t i n g  ( 4 . 1 1 ) ,  ( 4 . 1 0 )  i n t o  ( 4 . 8 )  a n d  s i m p l i f y i n g  t h e
r e s u l t i n g  e q u a t i o n  w i l l  g i v e  1 + N + N( N + l ) / 2  f i r s t  o r d e r  
d i f f e r e n t i a l  e q u a t i o n s .  The  f i n a l  v a l u e s  o f  t h e  g a i n s  b ( t )  a r e  
z e r o  a n d  h e n c e  t h e  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n s  a r e  i n t e ­
g r a t e d  b a c k w a r d s  i n  t i m e  u n t i l  t h e  b ( t )  g a i n s  r e a c h  s t e a d y  s t a t e .  
The  v a l u e s  o f  t h e  p a r a m e t e r  b ( t ) a r e  s t o r e d  a n d  f e d  i n t o  t h e  
s y s t e m  b a c k w a r d s  w h i c h  w i l l  y i e l d  t h e  o p t i m a l  s y s t e m  p e r f o r m a n c e .
The  a b o v e  p r o c e d u r e  i s  u s e f u l  i f  t h e  p e r f o r m a n c e  i n d e x  i s  
q u a d r a t i c  i n  t h e  e r r o r  e ( t )  a n d  t h e  i n p u t  m ( t ) .  F o r  o t h e r  
i n d i c e s  M e r r i a m ' s  p a r a m e t r i c  e q u a t i o n  c a n n o t  b e  u s e d  s i n c e  i t
2
Am d t  i n d i c e s  t o
f  2
h a s  b e e n  f o u n d  by  t h e  a u t h o r  u s i n g  I g d t  a n d  
g i v e  u n d e s i r a b l e  r e s u l t s .  T h u s  d y n a m i c  p r o g r a m m i n g  i s  n o t  v e r y  
u s e f u l  f o r  o t h e r  i n d i c e s  t h a n  t h e  o n e  d e s c r i b e d  a b o v e ,  s i n c e  we
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h a v e  t o  s o l v e  f o r  t h e  f u n c t i o n  f ( x , t )  a n d  t h e n  B e l l m a n n ’ s  
f u n c t i o n a l  e q u a t i o n .  T h i s  may b e  v e r y  d i f f i c u l t  a n d  t h e  m a x i ­
mum p r i n c i p l e  s e e m s  t o  o f f e r  m o r e  h o p e .
4 . 2  THE MAXIMUM PRI NCI PLE
The ma x i mu m p r i n c i p l e  p r o v i d e s  a m e t h o d  o f  o b t a i n i n g  a n  
o p t i m a l  s o l u t i o n  f o r  c o n t r o l  s y s t e m s .  I t  i s  c a p a b l e  o f  h a n d l i n g  
o p t i m i z a t i o n  p r o b l e m s  o f  e x t r e m i z i n g  a  f u n c t i o n a l  s u b j e c t  t o  
c e r t a i n  c o n s t r a i n t s .  T h i s  i s  v e r y  i m p o r t a n t ,  s i n c e  t h e  o p t i m i ­
z i n g  p r o c e d u r e  u s i n g  V a r i a t i o n a l  C a l c u l u s  o f t e n  r e s u l t s  i n  t h e  
s y s t e m  h a v i n g  u n b o u n d e d  c o n t r o l  s i g n a l s .  I n  p r a c t i c e  we h a v e  
c o n s t r a i n t s  o n  t h e  c o n t r o l  s i g n a l  a n d  a l s o  o n  s o me  o f  t h e  s y s t e m  
s t a t e  v a r i a b l e s .  I t  i s  f o r  t h i s  r e a s o n  t h a t  t h e  ma x i mu m p r i n c i p l e  
i s  p a r t i c u l a r l y  u s e f u l  a s  a n  o p t i m i z i n g  t e c h n i q u e .  The  ma x i mum  
p r i n c i p l e  w i l l  b e  s t a t e d  h e r e  w i t h o u t  p r o o f .
C o n s i d e r  a n  n t h  o r d e r  s y s t e m  w h i c h  i s  c h a r a c t e r i s e d  by
X = f ( x , m , t )  ( 4 . 1 2 )
w h e r e  x  i s  t h e  n x  1 s t a t e  v e c t o r
a n d  m i s  t h e  r  x  1 c o n t r o l  v e c t o r
I t  i s  a s s u m e d  t h a t  t h e  c o n t r o l  v e c t o r  i s  t o  b e  c o n f i n e d  t o  
a r e g i o n  M o f  t h e  s p a c e  m^. . . m ^ .  The  a l l o w a b l e  r e g i o n  f o r  m
c o u l d  b e  d e f i n e d  w i t h o u t  a n y  l o s s  o f  g e n e r a l i t y  a s ,
1 j  = 1 , 2 , .  . .  r  ( 4 . 1 3 )
The  f u n c t i o n s  m^  , .  .  . m^ a r e  a s s u m e d  t o  b e  p i e c e w i s e  c o n ­
t i n u o u s  a t  t h e  e n d  p o i n t s  t  = t ^  a n d  t  = t ^ , a n d  i f  t h e r e  a r e
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a r e  a n y  d i s c o n t i n u i t i e s  i n  m o v e r  t h e  i n t e r v a l ,  ( t ^ ,  t g ) t h e
7
r i g h t  a n d  l e f t  h a n d  l i m i t s  m u s t  e x i s t  a t  t h e s e  d i s c o n t i n u i t i e s  , 
T h u s  f o r  t h e  l e f t  h a n d  l i m i t  we m u s t  h a v e
( T ) = l i r a  m . ( t )  ( 4 . 1 4 )
t — t  
t  < T
I t  i s  m o r e  c o n v e n i e n t  t o  d e a l  w i t h  t h e  l e f t  h a n d  l i m i t  
o t h e r w i s e  we a r e  f o r c e d  t o  w o r k  i n  f o r w a r d  t i m e .  F o r  m t o  b e  
a n  a d m i s s i b l e  i n p u t  t h e  p r o p e r t i e s  o f  ( 4 . 1 3 )  a n d  ( 4 . 1 4 )  h a v e  
t o  be  s a t i s f i e d .  L e t  t h e  s y s t e m  b e  d e s c r i b e d  by  a s e t  o f  
d i f f e r e n t i a l  e q u a t i o n s
X .  = f j ( x , r a , t )  i  = 1 , 2 , .  . . n ( 4 . 1 5 )
We a r e  t o  f i n d  a n  a d m i s s i b l e  c o n t r o l  v e c t o r  m ( t ) ,  s u c h  
t h a t  t h e  s y s t e m  o f  ( 4 . 1 4 )  i s  t a k e n  f r o m  s o me  i n i t i a l  s t a t e  t o  
s o me  f i x e d  f i n a l  s t a t e  i n  s u c h  a m a n n e r  s o  a s  t o  o p t i m i z e  t h e  
p e r f o r m a n c e  c r i t e r i o n .  L e t  t h e  p e r f o r m a n c e  i n d e x  b e  o f  t h e  
t y p e
r ' - f
0 ( x , m , t ) d t  ( 4 . 1 6 )
t o
t f
I ( m )  =
T h e  s y s t e m  p e r f o r m a n c e  w i l l  b e  j u d g e d  t o  b e  o p t i m u m  w h e n  
( 4 . 1 6 )  t a k e s  o n  a  m i n i m u m  v a l u e  w i t h  r e s p e c t  t o  a l l  a d m i s s i b l e  
m ( t ) .  L e t  u s  i n t r o d u c e  a  H a m i l t o n i a n  f u n c t i o n
_______
H ( x , P , m , t )  = ^ i ^ i  “  0 ( x , m , t )  ( 4 . 1 7 )
i = l
w h e r e  t h e  f u n c t i o n s  P . ( t )  a r e  g i v e n  b y
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
2 1
dH
P ( t )  = -  r  i  = 1 , 2 , ,  . , n  ( 4 . 1 8 )
1 o x  j
F r o m t h e  H a m i l t o n i a n  ( 4 . 1 7 ) ,  we  h a v e
X . = ^  i  = i , 2 , .  . . n  ( 4 . 1 9 )
 ^ o P j
w i t h  t h e  b o u n d a r y  c o n d i t i o n s  x ( t ^ )  = x ° , x ( t ^ ^  ^ ^ ,
I f  m * ( t )  i s  t h e  o p t i m a l  c o n t r o l ,  t h e n  t h e r e  e x i s t s ^  a 
v e c t o r  P * ( t )  w h i c h  s a t i s f i e s  ( 4 . 1 8 )  a n d  a t  e v e r y  i n s t a n t  o f  
t i m e  t p  A t  A t £
H ( x * , P * , m * , t )  H ( x , P , m , t )  ( 4 . 2 0 )
o r
H ( x * , P * , m , t )  = max  H ( x , P , m , t )
m€.M ( 4 . 2 1 )
The  a b o v e  p r o c e d u r e  h a s  b e e n  c a r r i e d  o u t  m i n i m i z i n g  t h e  
p e r f o r m a n c e  i n d e x .  I f  o n  t h e  o t h e r  h a n d  we w a n t e d  t o  m a x i m i z e  
t h e  i n d e x ,  t h e n  we n e e d  t o  m i n i m i z e  t h e  H a m i l t o n i a n  a n d  t h e  
n e g a t i v e  s i g n  o f  ( 4 . 1 7 )  w o u l d  b e  c h a n g e d .  T h u s  t h e  d e s i g n  o f  
a n  o p t i m a l  c o n t r o l  s y s t e m  h a s  b e e n  r e d u c e d  t o  t h a t  o f  m a x i m i z i n g  
o r  m i n i m i z i n g  t h e  H a m i l t o n i a n  f u n c t i o n  ( 4 . 1 7 ) .  The  f o l l o w i n g  
s e c t i o n  w i l l  d e a l  w i t h  m a x i m i z i n g  t h e  H a m i l t o n i a n  f u n c t i o n  f o r  
v a r i o u s  p e r f o r m a n c e  i n d i c e s ,  
r t
4 . 2  i ) ^ ( e “ + Xm ) d t
o
C o n s i d e r  t h e  s e c o n d  o r d e r  s y s t e m  w h i c h  i s  d e s c r i b e d  by t h e  
f o l l o w i n g  s t a t e  e q u a t i o n s .
X f = y x 2  ( 4 . 2 2 )
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= - a %2  + m ( 4 . 2 3 )
The  s y s t e m  d e s c r i b e d  by  ( 4 . 2 2 )  a n d  ( 4 . 2 3 )  i s  s h o w n  i n  
F i g .  4 .  U s i n g  ( 4 . 1 7 )  t h e  H a m i l t o n i a n  b e c o m e s
2 2
H = - (  ( E -  Xj ) + Xm ) + P^yXg + Pg (-aXg *
( 4 . 2 4 )
h e n c e
• ÔH
p = — ®> — 2 ( E  — x ) ( 4 . 2 5 )
1 Ox j  1
’’ 2 *  ■ 5 ^ 2  ■ “ ‘’2 -  y ? !  ( 4 - 2 * )
B H
  = — 2 X m + P ( 4 . 2 7 )
dm 2
o ^2
t h e  o p t i m u m  i n p u t  ra = —r  ( 4 . 2 8 )
2 A
F r o m ( 4 . 2 5 )  t h r o u g h  ( 4 . 2 8 )  t h e  a d j o i n t  s y s t e m  c a n  be  
d e t e r m i n e d  a n d  i s  s h o w n  i n  F i g .  5 .
E q u a t i o n s  ( 4 . 2 7 )  a n d  ( 4 . 2 8 )  c a n  o n l y  be  a p p l i e d  i f  t h e  
c o n t r o l  s i g n a l  m i s  n o t  o n  t h e  b o u n d a r y  o f  t h e  p e r m i s s i b l e  r e g i o n .  
T h i s  i s  d u e  t o  t h e  f a c t  t h a t  6H/ &m i s  n o t  d e f i n e d  o n  t h e  b o u n d a r y .  
I n  t h e  c a s e  o f  c o n t i n u o u s  c o n t r o l  s i g n a l s ,  e q u a t i o n  ( 4 . 2 7 )  a n d  
( 4 , 2 8 )  a r e  v a l i d .  H o w e v e r ,  f o r  b a n g - b a n g  c o n t r o l  t h e  c o n t r o l  
s i g n a l  i s  o n  t h e  b o u n d a r y  o f  t h e  p e r m i s s i b l e  r e g i o n  a t  a l l  t i m e s  
a n d  h e n c e  e q u a t i o n s  ( 4 . 2 7 )  a n d  ( 4 . 2 8 )  a r e  i n v a l i d .
I t  i s  e v i d e n t  f r o m  F i g .  5 t h a t  t h e  p l a n t  o r  p r o c e s s  i s  
r e f l e c t e d  i n  t h e  a d j o i n t  s y s t e m .  F o r  a  s t a b l e  p l a n t  t h e  a d j o i n t
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s y s t e m  w i l l  a l w a y s  t u r n  o u t  t o  be  u n s t a b l e .  T h i s  i s  i n h e r e n t  
i n  t h e  max i mum p r i n c i p l e  a n d  m a k e s  t h e  c o n t r o l  s l i g h t l y  c o m p l e x ,  
Wi t h  a s t e p  i n p u t  o f  m a g n i t u d e  E a p p l i e d  t o  t h e  a d j o i n t  s y s t e m ,  
t h e  i n i t i a l  c o n d i t i o n s  P ^ ( 0 )  a n d  P^CO)  h a v e  t o  be  d e t e r m i n e d ,  
w h i c h  w i l l  d r i v e  t h e  s y s t e m  t o  t h e  d e s i r e d  s t a t e  o p t i m a l l y .
One  d e s i r a b l e  f e a t u r e  o f  t h e  a d j o i n t  s y s t e m  o f  F i g .  5 i s  t h a t  
i t  i s  c l o s e d  l o o p  a n d  t h e  e f f e c t  o f  a n y  d i s t u r b a n c e s  i n  t h e  
s y s t e m  w i l l  be  r e d u c e d  d u e  t o  t h e  n e g a t i v e  f e e d b a c k .
I f  t h e  d i s t u r b a n c e s  w i t h i n  t h e  s y s t e m  a r e  l a r g e ,  i t  may  
b e  p o s s i b l e  f o r  t h e  s y s t e m  t o  go  u n s t a b l e  d u e  t o  t h e s e  d i s ­
t u r b a n c e s .  I f  t h e  s y s t e m  i s  t o  r e m a i n  o p t i m a l  w i t h  a n y  d i s ­
t u r b a n c e ,  t h i s  w o u l d  n e c e s s i t a t e  n e w  i n i t i a l  c o n d i t i o n s  o n  t h e  
a d j o i n t  v e c t o r s .  T h i s  w o u l d  n o t  b e  p o s s i b l e  i n  p r a c t i c e  s i n c e  
t h e  d i s t u r b a n c e  w o u l d  h a v e  t o  be  d e t e c t e d  a n d  t h e  i n i t i a l  c o n d i ­
t i o n s  o n  t h e  a d j o i n t  s y s t e m  v e c t o r s  w o u l d  h a v e  t o  be  a l t e r e d  
w i t h o u t  t h e  s y s t e m  s t r a y i n g  f r o m  t h e  o p t i m a l  t r a j e c t o r y .
4 . 2  i i )
/ f  2 
e d t
The  H a m i l t o n i a n  f o r  t h i s  i n d e x  a n d  t h e  s y s t e m  s h o w n  i n  
F i g .  4 i s
H = - ( E - x ^ ) ^  + P^y Xg  + P ^ C - a x ^  4 m) ( 4 . 2 9 )
h e n c e
• — ^ H
P,  = r -  = - 2 ( E - x , ) ( 4 . 3 0 )
1 CTXj^  i
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» — 3 H
p = = a P _  -  y P ,  ( 4 . 3 1 )
 ^ d%2 ^
t h e  o p t i m u m  i n p u t  m° = Ms g n  ( 4 . 3 2 )
T h e  a d j o i n t  s y s t e m  i s  o b t a i n e d  u s i n g  ( 4 . 3 0 )  t h r o u g h  ( 4 . 3 2 )  
a n d  i s  s h o w n  i n  F i g .  6 .
A g a i n  t h e  a d j o i n t  s y s t e m  i s  u n s t a b l e  a n d  a l s o  t h e r e  i s  
" b a n g - b a n g "  c o n t r o l .  B a n g - b a n g  c o n t r o l  i s  w h e n  t h e  i n p u t  i s  
a t  i t s  ma x i mu m v a l u e  a n d  i s  e i t h e r  a c c e l e r a t i n g  o r  b r a k i n g  t h e  
s y s t e m .  The  i n i t i a l  c o n d i t i o n s  P i ( 0 )  a n d  2 ^ ( 0 )  h a v e  t o  be  
d e t e r m i n e d  t o  p r o v i d e  o p t i m u m  c o n t r o l .  The  s y s t e m  o f  F i g .  6 i s  
c l o s e d  l o o p  a n d  t h e  e f f e c t  o f  a n y  d i s t u r b a n c e s  w i l l  b e  r e d u c e d .
■ t .
4 . 2  i i i ) d t
o
T h i s  i s  t h e  m i n i m u m  t i m e  o r  t i m e  o p t i m a l  p e r f o r m a n c e  i n d e x ,  
The  H a m i l t o n i a n  f o r  t h i s  i n d e x  a n d  t h e  s y s t e m  o f  F i g .  4  i s
H = - 1  + P ^ y x g  + P 2 ( - a % 2  + ( 4 . 3 3 )
h e n c e  . _
? !  -  3^1  " °  ( 4 . 3 4 )
P = -  I E  = a ? 2  -  y P ,  ( 4 . 3 5 )
 ^ 3 x 2
t h e  o p t i m u m ,  i n p u t  m°  = Ms g n  ^2^ ( 4 . 3 6 )
The  a d j o i n t  s y s t e m  i s  o b t a i n e d  u s i n g  ( 4 . 3 4 )  t h r o u g h  ( 4 . 3 6 )  
a n d  i s  s h o w n  i n  F i g .  7 .
S i n c e  t h e  p e r f o r m a n c e  i n d e x  d o e s  n o t  i n c l u d e  m a t  a l l ,  we  
c a n  e x p e c t  b a n g - b a n g  c o n t r o l .  An u n d e s i r a b l e  f e a t u r e  o f  t h e
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a d j o i n t  s y s t e m  o f  F i g .  7 i s  t h a t  i t  i s  o p e n  l o o p .  T h e r e  i s  no  
c o n t r o l  o v e r  a n y  d i s t u r b a n c e s  w i t h i n  t h e  s y s t e m ,  a n d  b e c a u s e  o f  
t h i s  i t  may b e  d i f f i c u l t  t o  i m p l e m e n t  i n  p r a c t i c e .  The  i n i t i a l  
c o n d i t i o n s  P ^ ( 0 )  a n d  h a v e  t o  be  d e t e r m i n e d  f o r  o p t i m u m
c o n t r o l .
r ^ f  2
4 . 2  i v )  \ A m  d t  -  Mi n i mu m e n e r g y  
o
The  H a m i l t o n i a n  f o r  t h i s  p e r f o r m a n c e  i n d e x  a n d  t h e  s y s t e m  
o f  F i g .  4  i s ,
2
H == -  Xm + P ^ y x ^  + P g C - a x ^  + m) ( 4 . 3 7 )
h e n c e
p = = 0  ( 4 . 3 8 )
ô x j
P = ~  = a P  -  yP ( 4 . 3 9 )
2 dXo 2 1
M  = - 2 \ m  + P ,  ( 4 . 4 0 )
2>m 2
o ^2
t h e  o p t i m u m  i n p u t  m = —r  ( 4 . 4 1 )
2 A
The  a d j o i n t  s y s t e m  i s  o b t a i n e d  u s i n g  ( 4 . 3 8 )  t h r o u g h  ( 4 . 5 1 )  
a n d  i s  s h o w n  i n  F i g .  8 .
The p e r f o r m a n c e  i n d e x  i s  q u a d r a t i c  i n  m a n d  b e c a u s e  o f  t h i s  
we h a v e  c o n t i n u o u s  c o n t r o l .  T h i s  s y s t e m  i s  o p e n  l o o p  a n d  t h e  
i n p u t  t o  t h e  s y s t e m  i s  n o n - d e p e n d e n t  o n  t h e  s y s t e m  v a r i a b l e s .
T h e  i n i t i a l  c o n d i t i o n s  P ^ ( 0 )  a n d  P 2 ( 0 )  h a v e  t o  b e  d e t e r m i n e d
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f o r  o p t i m u m  c o n t r o l
4 . 2  V )
2
t e  d t
The H a m i l t o n i a n  f o r  t h i s  p e r f o r m a n c e  i n d e x  a n d  t h e  s y s t e m  
o f  F i g .  4  i s
h e n c e
H = - t ( E - X j )  + P ^ y x g  + P g C - a X g  + m) ( 4 . 4 2 )
-  àH
-  - 2 t ( E - X i ) ( 4 . 4 3 )
( 4 . 4 4 )
t h e  o p t i m u m  i n p u t  m° = Ms gn ( 4 . 4 5 )
The  a d j o i n t  s y s t e m  i s  o b t a i n e d  u s i n g  ( 4 . 4 3 )  t h r o u g h  ( 4 . 4 5 )  
a n d  i s  s h o w n  i n  F i g .  9 .
S i n c e  t h e  p e r f o r m a n c e  i n d e x  i s  q u a d r a t i c  i n  t h e  s y s t e m  e r r o r  
e ,  t h i s  w i l l  r e s u l t  i n  a c l o s e d  l o o p  c o n t r o l l e r .  B e c a u s e  m d o e s  
n o t  a p p e a r  i n  t h e  i n d e x ,  t h e  c o n t r o l  i s  b a n g - b a n g .  The  o n l y  
d i f f e r e n c e  b e t w e e n  t h i s  a n d  t h e  I S E  a d j o i n t  s y s t e m  i s  t h a t  t i m e  
a p p e a r s  i n  t h i s  s y s t e m  a s  a m u l t i p l y i n g  f a c t o r  o t h e r w i s e  e v e r y ­
t h i n g  i s  t h e  s a m e .
4 . 2  V i ) |m| d t  -  Mi n i mu m f u e l
The  H a m i l t o n i a n  f o r  t h e  m i n i m u m  f u e l  i n d e x  a n d  t h e  s y s t e m  
o f  F i g .  4 i s ,
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h e n c e
H = — jmj + Pj^y^2 ^ ( 4 . 4 6 )
• — 3 H
P = —  = 0  ( 4 . 4 7 )
 ^ ox  2
-  ÔH
P = —  = a P ,  -  yP ( 4 . 4 8 )
 ^ à x 2  “
t h e  o p t i m u m  i n p u t  m° + 1 . 0  i f  Pg >  1 . 0  ( 4 . 4 9 )
0  i f  [ P j  <  1 . 0  ( 4 . 4 9 )
- 1 - 0  i f  ?2 < - 1 . 0
The a d j o i n t  s y s t e m  i s  o b t a i n e d  f r o m  ( 4 . 4 7 )  t h r o u g h  ( 4 . 4 9 )
a n d  i s  s h o w n  i n  F i g .  1 0 .  The  c o n t r o l l e r  i s  d i f f e r e n t  f r o m  a n y  
o f  t h e  o t h e r s  i n  t h a t  we h a v e  ON- OFF c o n t r o l .  T h i s  s h o w s  t h a t  
f o r  o p t i m u m  s y s t e m  p e r f o r m a n c e  t h e  c o n t r o l  h a s  t o  b e  + 1 . 0  a n d  
z e r o .
The  c o n t r o l l e r  f o r  e a c h  i n d e x  w a s  s i m u l a t e d  t o g e t h e r  w i t h  
t h e  s e c o n d  o r d e r  s y s t e m  a n d  t h e  r e s u l t s  o f  t h e  s i m u l a t i o n  a r e  
s h o w n  i n  F i g .  11 t h r o u g h  F i g .  1 4 .  A g e n e r a l  c o m p u t e r  p r o g r a m  
w h i c h  w a s  u s e d  f o r  t h e  s i m u l a t i o n  i s  s h o w n  i n  t h e  a p p e n d i x .
O n l y  m i n o r  m o d i f i c a t i o n s  a r e  r e q u i r e d  t o  t h e  p r o g r a m  t o  o p t i m i z e  
w i t h  r e s p e c t  t o  s o me  o t h e r  i n d e x .
The  r e s u l t s  o f  t h e  s i m u l a t i o n  o f  t h e  s e c o n d  o r d e r  s y s t e m  
h a v e  b e e n  s h o w n  g r a p h i c a l l y .  The  s y s t e m  r e s p o n s e  w a s  j u d g e d  t o  
b e  a c c e p t a b l e  i f  t h e  o u t p u t  w a s  w i t h i n  o n e  p e r c e n t  o f  t h e  d e s i r e d  
v a l u e .  One u n f o r s e e n  r e s u l t  i s  t h a t  a l l  t h e  b a n g - b a n g  c o n t r o l l e r s  
g a v e  t h e  s a me  r e s u l t .  T h i s  w a s  n o t  a p p a r e n t  a t  t h e  b e g i n n i n g  
a n d  t o  c o n f i r m  t h i s  r e s u l t  a t h i r d  o r d e r  s y s t e m  w a s  s i m u l a t e d  
w i t h  t w o  i n d i c e s  t h a t  g a v e  b a n g - b a n g  c o n t r o l .
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FIGURE l i a
T r a n s ie n t  R esp o n se  o f  a Second Order 
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FIGURE 11b







o 00CVJ o C M
in iN I NOHIiaO
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 12a
T r a n s ie n t  R esp on se  o f  à Second Order System
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FIGURE 12b
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3 8
FIGURE 13a
T r a n s ie n t  R esp on se  o f  a Second Order System
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FIGURE 13b




o oo a C\J CO o
inuN i wnwixio
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 14a
T r a n s ie n t  R esp o n se  o f  a Second O rder S ystem
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FIGURE 14b
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2
4 . 3  i ) I e  d t  
-/ o
C o n s i d e r  t h e  t h i r d  o r d e r  s y s t e m  w h o s e  t r a n s f e r  f u n c t i o n  
i s  g i v e n  by
G ( s )  = — ---------  ( 4 . 5 0 )
s ^ C s T + l )
o r
G ( s )  =   =   ( 4 . 5 1 )
s  ( s + a )  s  ( s + a )
w h e r e
y = 1 / T =  a
The  s y s t e m  o f  ( 4 . 5 1 )  i s  r e p r e s e n t e d  s c h e m a t i c a l l y  i n  
F i g .  1 5 ,  f r o m  w h i c h  we  h a v e  t h e  f o l l o w i n g  s t a t e  e q u a t i o n s ,
Xj  = x ^  ( 4 . 5 2
x ^  = - a x ^  + m ( 4 . 5 4 )
The  H a m i l t o n i a n  f o r  t h i s  i n d e x  a n d  t h e  s y s t e m  o f  ( 4 . 5 1 )  i s
2
H = - ( E - x ^ )  + P^x ?  + PgVXg + P g ( - a x 2 + m) ( 4 . 5 5 )
h e n c e
* — 3 H
P,  == ~  = - 2  ( E - x  ) ( 4 .  5 6 )
1 o x ^  1
* — 9 H
P„ = T— = -  P,  ( 4 . 5 7 )
2 -  3 x 0  " 1






























P 3 = —  = aP^ -  yPg ( 4 . 5 8 )
t h e  o p t i m u m  i n p u t  m° = Ms g n  j^P^j ( 4 . 5 9 )
The  a d j o i n t  s y s t e m  i s  o b t a i n e d  u s i n g  ( 4 . 5 6 )  t h r o u g h  ( 4 . 5 9 )  
a n d  i s  s h o w n  i n  F i g .  1 6 .  The  s i m u l a t i o n  r e s u l t s  a r e  s h o w n  g r a p h ­
i c a l l y  i n  F i g .  18  a n d  a r e  a l s o  t a b u l a t e d  i n  T a b l e  2 .
4 . 3  i i )  d t
J  o
The  H a m i l t o n i a n  f o r  t h i s  i n d e x  a n d  t h e  s y s t e m  o f  ( 4 . 5 1 )
H = - 1  + P^Xg + P 2 y X ]  + ( 4 . 6 0 )
h e n c  e
p = —^  = 0  ( 4 . 6 1 )
 ^ OXj
P = ~  = P ( 4 . 6 2 )
 ^ 0 x 2 1
. — 5 H
P3 "  S x ,  -  a P ]  -  yPz ( 4 . * 3 )
t h e  o p t i m u m  i n p u t  m° = Ms g n  P^J ( 4 . 6 4 )
The  a d j o i n t  s y s t e m  i s  o b t a i n e d  u s i n g  ( 4 . 6 1 )  t h r o u g h  ( 4 . 6 4 )  
a n d  i s  s h o w n  i n  F i g .  1 7 .  The  s i m u l a t i o n  r e s u l t s  a r e  s h o w n  
g r a p h i c a l l y  i n  F i g .  1 8  a n d  a r e  a l s o  t a b u l a t e d  i n  T a b l e  2 .
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FIGURE 18a
T r a n s ie n t  R esp on se  o f  th e  T hird  Order System





































Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
49
V.  EVALUATION OF I NDI CES
The  s i m u l a t i o n  r e s u l t s .  T a b l e  1 ,  s h o w e d  t h a t  t h e  i n d i c e s  
w h i c h  p r o v i d e  b a n g - b a n g  c o n t r o l  h a v e  t h e  b e s t  s e t t l i n g  t i m e .
I f  c o n t r o l l e r s  a r e  d e s i g n e d  t o  m i n i m i z e  t h e s e  i n d i c e s ,  t h e n ,  
a l t h o u g h  t h e  i n d i v i d u a l  a d j o i n t  s y s t e m s  a r e  d i f f e r e n t ,  t h e  
s y s t e m  p e r f o r m a n c e  f o r  e a c h  i n d e x  i s  i d e n t i c a l .  T h i s  r e s u l t  i s  
a u s e f u l  o n e  s i n c e  i t  a l l o w s  u s  t o  i n t e r c h a n g e  t h e  t i m e  o p t i m a l ,
I SE a n d  I TSE i n d i c e s ,  a n d  we c a n  be  c e r t a i n  t h a t  t h e  s y s t e m  
r e s p o n s e  w i l l  r e m a i n  o p t i m a l  w i t h  r e s p e c t  t o  a n y  o n e  o f  t h e s e  
i n d i c e s .  A l t h o u g h  t h e  c o n t r o l l e r  d e s i g n e d  f o r  m i n i m u m  t i m e  
g i v e s  t h e  s a m e  s y s t e m  r e s p o n s e  a s  t h e  I SE a n d  I T S E ,  b o t h  ISE  
a n d  I TSE c o n t r o l l e r s  a r e  c l o s e d  l o o p  w h e r e a s  t h e  t i m e  o p t i m a l  
c o n t r o l l e r  i s  o p e n  l o o p .  I n  m o s t  c a s e s  a  c l o s e d  l o o p  c o n t r o l l e r  
i s  d e s i r a b l e  b e c a u s e  t h e  e f f e c t  o f  a n y  d i s t u r b a n c e s  w i t h i n  t h e  
s y s t e m  w i l l  b e  r e d u c e d  w i t h  c l o s e d  l o o p  c o n t r o l l e r s .  A l s o  t h e  
i n p u t  t o  t h e  s y s t e m  w i t h  a c l o s e d  l o o p  c o n t r o l l e r  i s  d e p e n d e n t  
u p o n  t h e  s y s t e m  v a r i a b l e s .  Of  t h e  t h r e e  i n d i c e s  w h i c h  g i v e  b a n g -  
b a n g  c o n t r o l  t h e  I S E  i n d e x  i s  p r o b a b l y  t h e  b e s t .  I t  g i v e s  t h e  
s a m e  s y s t e m  r e s p o n s e  a s  t h e  o t h e r s  a n d  i t  g i v e s  c l o s e d  l o o p  
c o n t r o l .  I t  i s  a l s o  s i m p l e r  t o  i m p l e m e n t  t h a n  t h e  I TSE c o n t r o l l e r .  
A n o t h e r  i m p o r t a n t  p o i n t  i s  t h a t  i t  i s  i m p o s s i b l e  t o  h a v e  a t i m e  
o p t i m a l  a n d  a l s o  a  m i n i m u m  f u e l  o r  e n e r g y  s y s t e m .  T h e s e  t wo  
r e q u i r e m e n t s  a r e  c o n t r a d i c t o r y  a n d  o n e  h a s  t o  b e  f o r e s a k e n  f o r
t h e  o t h e r  o n e .  I f  b o t h  m i n i m u m  t i m e  a n d  f u e l  r e q u i r e m e n t s  a r e  
i m p o r t a n t ,  t h e n  i t  i s  b e s t  t o  f i x  t h e  a m o u n t  o f  f u e l  a v a i l a b l e
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T a b le  l a
Minimum V a lu e  û f  Each P erform an ce In d ex  fo r  a
Second Order S ystem . Time C o n sta n t T = 2 .0 .
S im u la t io n  Time 10 s e c o n d s .  1=1
50
C o n t r o l l e r
De s i g n e d
Minimum Val ue  o f  Each P . I .
For The 
Index f  ( éVAm^) dt / e ^ d t / d t f l m^dt f t e f d t / / m | d t
f (e^+Xm^)dt 2 . 2 7 7 5 1 . 3 9 7 3 6 . 2 9 9 9 0 . 8 8 0 2 1 . 2 8 8 2 1 . 3 3 8 4
2
/ e  d t 4 . 1 6 1 5 1 . 1 9 4 8 2 . 9 5 0 0 2 . 9 6 6 6 0 . 8 2 9 0 2 . 9 6 6 6
/ d t 4 . 1 6 1 5 1 . 1 9 4 8 2 . 9 5 0 0 2 . 9 6 6 6 0 . 8 2 9 0 2 . 9 6 6 6
/ Im^dt 2 . 5 7 4 0 1 . 4 3 0 1 3 . 8 5 0 0 1 . 1 4 4 0 1 . 2 4 2 3 1 . 8 5 9 4
/ t e ^ d t 4 . 1 6 1 5 1 . 1 9 4 8 2 . 9 5 0 0 2 . 9 6 6 6 0 . 8 2 9 0 2 . 9 6 6 6
.f |m|’d t 2 . 4 7 6 9 1 . 4 6 8 5 9 . 9 9 9 9 1 . 0 0 8 3 1 . 5 5 2 9 1 . 0 0 8 3
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T a b le  lb
Minimum V alu e o f  Each P erfo rm a n ce In d ex  f o r  a
Second Order S ystem . Time C o n sta n t T = 1 .0 .
S im u la t io n  Time 10 s e c o n d s .  A=1
51
Minimum Va l ue  o f  Each P . I .
2 2 
/ e  +lm dt / e ^ d t / d t /Xm^dt / t e ^ d t / jmfdt
fi ( e^+l m^)dt 1 . 8 0 3 2 0 . 9 6 5 5 4 . 4 9 9 9 0 . 8 3 7 7 0 . 6 1 2 2 1 . 1 0 9 8
/ e ^ d t 3 . 07 8 4 0 . 8 8 6 8 2 . 2 0 0 0 2 . 1 9 1 6 0 . 4 5 5 5 2 . 1 9 1 6
/ d t 3 . 0 7 8 4 0 . 8 8 6 8 2 . 2 0 0 0 2 . 1 9 1 6 0 . 4 5 5 5 2 . 1 9 1 6
/Xm^dt 2 . 03 2 8 1 . 0 2 0 8 2 . 8 0 0 0 1 . 0 1 2 0 0 . 6 2 8 6 1 . 5 0 8 5
/ t e ^ d t 3 . 0 7 8 4 0 . 8 8 6 8 2 . 2 0 0 0 2 . 1 9 1 6 0 . 4 5 5 5 2 . 1 9 1 6
/ | m | d t 1 . 9 6 2 7 0 . 9 7 1 0 7 . 4 4 9 9 0 . 9 9 1 7 0 . 6 1 9 7 0 . 9 9 1 7
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T a b le  l e
Minimum V a lu e  o f  Each P erfo rm a n ce  In d ex  f o r  a
Second  O rder S y stem . Time C o n sta n t T = 0 .5
S im u la t io n  Time 10  s e c o n d s .  X=1
5 2
C o n t r o l l e r
D e s i g n e d
Maximum V a l u e  o f  Each P . I
For The  
Index / . (e^+Xm^)dt / e ^ d t / d t /Xm^dt / t e ^ d t / | m| d t
/ (e^+Xm^)dt 1 . 5 4 1 4 0 . 6 6 6 9 3 . 2 1 9 9 0 . 8 7 4 6 0 . 3 0 2 1 1 . 0 4 0 4
2
f e  d t 2 . 3 3 1 8 0 . 6 7 5 2 1 . 6 6 0 0 1 . 6 5 6 6 0 . 2 7 4 8 1 . 6 5 6 6
/ d t 2 . 3 3 1 8 0 . 6 7 5 2 1 . 6 6 0 0 1 . 6 5 6 6 0 . 2 7 4 8 1 . 6 5 6 6
2
/Xm d t 1 . 6 9 6 0 0 . 7 3 4 7 2 . 0 0 0 0 0 . 9 6 1 4 0 . 3 3 4 1 1 . 2 7 2 8
f t e ^ d t 2 . 3 3 1 8 0 . 6 7 5 2 1 . 6 6 0 0 1 . 6 5 6 6 0 . 2 7 4 8 1 . 6 5 6 6
/ | m | d t 1 . 7 0 5 0 0 . 6 8 8 3 3 . 0 9 9 9 1 . 0 1 6 7 0 . 2 9 3 8 1 . 0 1 6 7
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a n d  m a k e  t h e  s y s t e m  t i m e  o p t i m a l  w i t h  t h i s  c o n s t r a i n t .  T h i s  
w o u l d  p r o v i d e  s u b - o p t i m a l  c o n t r o l ,  b u t  t h e r e  i s  n o  o t h e r  way  
a r o u n d  t h i s  p r o b l e m .
Of  t h e  t h r e e  i n d i c e s  t h a t  i n c l u d e  t h e  c o n t r o l  s i g n a l  m,  
p r o b a b l y  t h e  J"(e^+ X m^ d t  i s  t h e  b e s t  a l l  round i n d e x .  I t  i s
b e t t e r  i n  e v e r y  r e s p e c t  t h a n  t h e [ m l d t ,  e x c e p t  i n  t h e  a m o u n t
o f  f u e l  c o n s u m e d  t o  t r a n s f e r  t h e  s y s t e m  f r o m  i t s  i n i t i a l  t o  i t s  
f i n a l  s t a t e .  The d i f f e r e n c e  i n  t h e  a m o u n t  o f  f u e l  c o n s u m e d  i s
o f  t h e  o r d e r  o f  33% m o r e  f o r  t h e  X m ^ d t , t h a n  f o r  t h e  m i n i ­
mum f u e l  i n d e x .
r"' 2Th e  Jo Xm d t  p e r f o r m a n c e  i n d e x  g a v e  s o m e w h a t  s i m i l a r  r e s u l t
a s  t h e  J ^ e ^ + X m ^ d t , i n  e a c h  c a s e  g i v i n g  a s l i g h t l y  h i g h e r  v a l u e
f o r  e a c h  i n d e x  e x c e p t  f o r  t h e  m i n i m u m  t i m e  a n d  t h e  I T S E ,  I t
w a s  t h o u g h t  t h a t  i f  t h e  s y s t e m  w a s  d e s i g n e d  t o  m i n i m i s e  o n e
p a r t i c u l a r  i n d e x ,  t h e n  n o  o t h e r  c o n t r o l l e r  c o u l d  p o s s i b l y  g i v e
a s m a l l e r  v a l u e  o f  t h e  i n d e x  t h a n  t h e  c o n t r o l l e r  d e s i g n e d  f o r
t h i s  i n d e x .  T h i s  w a s  s h o w n  t o  b e  n o t  t h e  c a s e .  The c o n t r o l l e r s
rh Ç tf.
d e s i g n e d  t o  m i n i m i z e  U e + X r a j d t  and 1ml d t  g a v e  a s m a l l e r  v a l u e
f o r  t h e  i n d e x  JXni d t  t h a n  d i d  t h e  c o n t r o l l e r  d e s i g n e d  f o r  t h e  
2\m d t  i n d e x .  T h i s  w o u l d  i n d i c a t e  t h a t  i f  t h e  d e s i g n ^ c r i t e r i a
. 2 2
i s  t o  b e  t h e  c o n s e r v a t i o n  o f  f u e l  o r  e n e r g y ,  t h e n  t h e  J (e + \ m  jd t
i
Aand J jm| d t  i n d i c e s  g i v e  b e t t e r  r e s u l t s  t h a n 2Am d t .  H o w e v e r ,
2
t h e J A m  d t  i n d e x  g i v e s  t h e  b e s t  s e t t l i n g  t i m e  o f  t h e  i n d i c e s  
t h a t  i n v o l v e  t h e  c o n t r o l  s i g n a l  m.  T h i s  a g a i n  s h o w s  t h a t  i t  i s  
n o t  p o s s i b l e  t o  h a v e  m i n i m u m  t i m e  a n d  m i n i m u m  f u e l  o r  e n e r g y  
c o n t r o l ,
Some o f  t h e  i n d i c e s  p r o v i d e  o p e n  l o o p  c o n t r o l l e r s ,  w h i c h
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T a b le  2 .
Minimum V a lu e  ô f  th e  Two P erfo rm a n ce  I n d ic e s  f o r  a 
T hird  Order S ystem . Time C o n sta n t T=2 . 0  s e c o n d s .  
S im u la t io n  tim e  10 s e c o n d s .
C o n tr o l le r  D esig n ed  
f o r  th e  In d ex
Minimum V a lu e  o f  Each 
P erfo rm a n ce In d ex
/e ^ d t / d t
/ e ^ d t 1 . 6 5 5 8 4 .1 0 0 0
/ d t 1 . 6 5 5 7 4 .0 0 0 0
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i s  a n  u n d e s i r a b l e  f e a t u r e .  T h i s  i s  n o t  a v e r y  s e r i o u s  d r a w ­
b a c k  s i n c e  o n c e  t h e  o p t i m u m  t r a j e c t o r i e s  h a v e  b e e n  d e t e r m i n e d  
t h e y  c a n  be  s t o r e d  u s i n g  f u n c t i o n  g e n e r a t o r s ,  a n d  t h e  r e s u l t a n t  
o p e n  l o o p  c o n t r o l l e r  c a n  b e  m a d e  c l o s e d  l o o p .  T h i s  may  b e  a 
b e t t e r  m e t h o d  o f  c o n t r o l l i n g  t h e  s y s t e m  s i n c e  i t  w o u l d  o b l i g a t e  
t h e  n e e d  f o r  t h e  a d j o i n t  s y s t e m .  T h i s  h a s  b e e n  t r i e d  by  R o o t s  
a n d  L e e s  w i t h  s u c c e s s ,  f o r  t h e  I  (e^ + \  m^jdt p e r f o r m a n c e  i n d e x .  
I t  i s  d i f f i c u l t  t o  c o m p a r e  d i r e c t l y  t h e  t w o  i n d i c e s  t h a t
g a v e  c o n t i n u o u s  c o n t r o l  d u e  t o  t h e  f a c t  t h a t  t h e  o p t i m u m  i n p u t  
o
m i s  d i f f e r e n t  f o r  e a c h  i n d e x .  I n  t h e  s i m u l a t i o n  d e s c r i b e d  i n  
t h i s  t h e s i s  A w a s  t h e  sa m e  f o r  b o t h  p e r f o r m a n c e  i n d i c e s .  T h i s  
may n o t  b e  t h e  b e s t  c o m p a r i s o n  a n d  p e r h a p s  a m o r e  r e a l i s t i c  
c o m p a r i s o n  w o u l d  b e  t o  c h o o s e  A  s o  t h a t  t h e  a m o u n t  o f  f u e l  c o n ­
s u m e d  i s  t h e  sa m e f o r  b o t h  i n d i c e s .  A n o t h e r  p o s s i b i l i t y  i s  t o
i m p o s e  i d e n t i c a l  c o n s t r a i n t s  o n  t h e  m a g n i t u d e  o f  t h e  c o n t r o l  
o
s i g n a l  m .
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V I . CONCLUSION
The s i m u l a t i o n  r e s u l t s  s h o w e d  t h i s  t o  b e  a v e r y  u s e f u l  
p e r f o r m a n c e  i n d e x .  M o s t  o p t i m a l  c o n t r o l  l i t e r a t u r e  u s e s  t h i s  
i n d e x  m o r e  f r e q u e n t l y  t h a n  a n y  o f  t h e  o t h e r s .  T h i s  i s  d u e  t o  
t h e  f a c t  t h a t  i t  g i v e s  a s a t i s f a c t o r y  s y s t e m  r e s p o n s e  a n d  i t  
c a n  b e  h a n d l e d  e i t h e r  u s i n g  d y n a m i c  p r o g r a m m i n g  o r  t h e  maxi mum  
p r i n c i p l e .  I t s  o n l y  d i s a d v a n t a g e  i s  t h a t  t h e  s e t t l i n g  t i m e  i s  
i n f e r i o r  t o  t h e  o t h e r  i n d i c e s ,  e x c e p t  t h e  m i n i m u m  f u e l  i n d e x .
I f  t h e  s e t t l i n g  t i m e  i s  o f  s e c o n d a r y  i m p o r t a n c e ,  t h i s  i s  p r o b a b l y  
t h e  m o s t  u s e f u l  a l l - r o u n d  i n d e x .
6 . 2 " ' f e Z d t
Of t h e  i n d i c e s  t h a t  g i v e  b a n g - b a n g  c o n t r o l  t h i s  i s  p r o b a b l y  
t h e  b e s t  o n e .  I t  h a s  a c l o s e d  l o o p  c o n t r o l l e r  w h i c h  i s  d e s i r a b l e  
b u t  n o t  e s s e n t i a l .  A s  w i t h  t h e  o t h e r  b a n g - b a n g  c o n t r o l l e r s ,  t h e  
f u e l  a n d  e n e r g y  c o n s u m p t i o n s  a r e  r e l a t i v e l y  h i g h  w i t h  r e s p e c t  
t o  t h e  mi n i mu m f u e l  i n d e x .
6 . 3  I ^ d t
0
T h i s  i n d e x  h a s  b e e n  e x t e n s i v e l y  u s e d  i n  o p t i m a l  c o n t r o l ,  
e s p e c i a l l y  i n  t h e  p h a s e - p l a n e  a n a l y s i s .  I t  h a s  b e e n  s h o w n  i n  
t h i s  t h e s i s  t h a t  i d e n t i c a l  r e s u l t s  c a n  b e  o b  t a i n e d  u s i n g  a n
' ‘ e 2
e d t  p e r f o r m a n c e  i n d e x  w i t h  t h e  a d d e d  a d v a n t a g e  t h a t  t h e
56
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l a t t e r  p r o v i d e s  a c l o s e d  l o o p  c o n t r o l l e r .  I f  t h e  o p t i m i z a t i o n  
i s  c a r r i e d  o u t  u s i n g  t h e  max i mum p r i n c i p l e  t h i s  i n d e x  i s  
i n f e r i o r  t o  f  f  e ^ d t  h a s  t h e  s a m e  d i s a d v a n t a g e s  a s
J ^ e  d t  w i t h  a n  a d d i t i o n a l  o n e ,  t h a t  i s ,  t h e  c o n t r o l l e r  i s  
o p e n  l o o p  a n d  i s  t h e r e f o r e  i n d e p e n d e n t  o f  t h e  s y s t e m  v a r i a b l e s .
6 . 4  I  ^A m ^dt
T h i s  i n d e x  w a s  f o u n d  t o  b e  i n f e r i o r  i n  m o s t  r e s p e c t s  t o
r t
2 2\Q + X  m Jdt i n d e x ,  and a l s o  to t h e  i n d i c e s  g i v i n g  b a n g - b a n g  
c o n t r o l .  For  mo s t  a p p l i c a t i o n s  i f  c o n t i n u o u s  c o n t r o l  i s  d e ­
s i r a b l e  t h e  ^  + Xm '^j d t  i n d e x  w o ul d  g i v e  b e t t e r  r e s u l t s  t h a n
t h e  [  ^ Xm^dt i n d e x .
)  o
r t
6 . 5 f  t e ^ d t
o
T h i s  i n d e x  g a v e  t h e  s a m e  s y s t e m  r e s p o n s e  a s  t h e  o t h e r  b a n g -
b a n g  i n d i c e s .  I t s  o n l y  d i s a d v a n t a g e  i s  t h a t  i t  i s  s l i g h t l y  m o r e
c o m p l e x  t o  i m p l e m e n t  t h a n  t h e  f  ^ e ^ d t  i n d e x .  S i n c e  t h e s e  t wo
f t  2
i n d i c e s  g i v e  t h e  s a m e  s y s t e m  r e s p o n s e ,  t h e  j e d t  i n d e x  w o u l d
-J o
i n  m o s t  c a s e s  b e  t h e  m o r e  u s e f u l .
6 . 6 | m | d t
The  mi n i mu m f u e l  i n d e x  g i v e s  v e r y  p o o r  s e t t l i n g  t i m e s .  
T h i s  i s  a r e s u l t  o f  t h e  i n p u t  b e i n g  o n  f o r  o n l y  a  s h o r t  t i m e .  
The c o n t r o l l e r  r e q u i r e d  t o  a c h i e v e  t h i s  r e q u i r e m e n t  i s  o f  t h e
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5 8
ON-OFF t y p e  f o r  a t y p e  0  o r  1 s y s t e m .  F o r  a t y p e  2 s y s t e m  a
3 p o s i t i o n  r e l a y  i s  r e q u i r e d .
Of  t h e  s i x  p e r f o r m a n c e  i n d i c e s  c o n s i d e r e d  t h e  I %   ^+ X m ^ d t  
f t  2a n d  d t  a r e  t h e  b e s t .  The  f i r s t  i n d e x  c a n  b e  u s e d  v e r y
)  o
e a s i l y  u s i n g  e i t h e r  d y n a m i c  p r o g r a m m i n g  o r  t h e  ma x i mu m p r i n c i p l e .  
H o w e v e r ,  t h e  d y n a m i c  p r o g r a m m i n g  t e c h n i q u e  i s  b e t t e r  s u i t e d  
f o r  t h i s  i n d e x  t h a n  t h e  ma x i mu m  p r i n c i p l e  e s p e c i a l l y  f o r  t h i r d  
o r d e r  s y s t e m s  o r  h i g h e r .
f t  2
The  ^e d t  i n d e x  i s  b e t t e r  s u i t e d  t o  t h e  ma x i mu m p r i n -  
J o
c i p l e  s i n c e  i t  r e q u i r e s  d i s c o n t i n u o u s  c o n t r o l .  F o r  s y s t e m s  o f  
h i g h e r  o r d e r  t h a n  t wo  i t  b e c o m e s  v e r y  d i f f i c u l t  t o  s o l v e  f o r  t h e  
i n i t i a l  c o n d i t i o n s  o n  t h e  a d j o i n t  v e c t o r s .
T he  f i n d i n g s  i n  t h i s  t h e s i s  c a n  b e  s ummed up  b r i e f l y  a s ,
i )  O p t i m i z a t i o n  u s i n g  d y n a m i c  p r o g r a m m i n g  i s  n o t  e a s i l y  a p p l i ­
c a b l e  t o  i n d i c e s  o t h e r  t h a n  t h e  ^  + X m ^ t .
i i )  The  p e r f o r m a n c e  i n d e x  d i c t a t e s  t h e  t y p e  o f  c o n t r o l l e r ,  i . e .
c o n t i n u o u s  o r  d i s c o n t i n u o u s .  T h i s  h a s  a l s o  b e e n  r e p o r t e d
10
by R o o t s  a n d  L e e s  
i i i )  T he  s y s t e m  r e s p o n s e  i s  t h e  s a m e  f o r  a n y  p e r f o r m a n c e  i n d e x  
t h a t  g i v e s  b a n g - b a n g  c o n t r o l .
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APPENDIX
The p r o g r a m  u s e d  t o  e v a l u a t e  t h e  i n i t i a l  c o n d i t i o n s  f o r
/ t  9f e  d t  p e r f o r m a n c e  i n d e x  i s  s h o w n  f o r  b o t h  t h e  s e c o n d
o
a n d  t h i r d  o r d e r  s y s t e m s .  M i n o r  m o d i f i c a t i o n s  a r e  r e q u i r e d  t o  
a c c o m m o d a t e  t h e  o t h e r  p e r f o r m a n c e  i n d i c e s .
59
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




FVEL ]p ' ’AIM DATP = 7^223
PHMTRVAOT f ’ S '-1A YT k'lJM DP|MrjD| f :
ccroMO OPOFR SvSTFm WITH QVP Tfwr  r C f ’STAMT 
IMTÇOPAL FPF0 2  SOUADFO pcornPVANCF INDEX
FnyPTH OPOFP % ÎJNGE-KUTta twteGPATTON
r n i \ T : \  OAPng CONTAIN THF NIIVRF% OF FOUATTHNS
C THE ST 7 F OF THE INCREMENT
c the INIT IAL VALUE OF X
r the i n i t i a l  V&LU-S FOP EACH F(X|
r THE F TP ST NUMPr-7 IS TN T FORMAT
c "HF C’ EST A%E IN F FORMAT
0 0 0 1 DIMENSION X N ( 1 0 ) , X ( 1 0 ) , 0 ( ] 0 , 4 ) , F X ( 1 0 ) , A ( 2 0 0 , 1 0 )
0 0 0 ? OTUENSTON AP(3) ,EMK(200)
0 0 0 ? PFAO I on ,N ,H ,T N , (X N( K ) ,K  = 1,N1
0 0 0 & 1 0 0 FnPMAT,T2, l2F4.2)
ngns VIR ITF{ a , ] 0310 ,M, TN, ( XMIK) ,K = l ,M)
0006 1 n T FPPMA.Ti IH': , I  ? , I  ? { 2 X(F4 .2 M )
0007 KX=0
0 0 0 % T l = 2 . 0
OOOo AA=1.0/T1
0 0  10 V=A A * 4 . 0
c ^ n s= I .  0
0 0 1 2 AL A7DA = 1 .0
0 0 1 ? XNf3T = ] .C
0 0 1 ^ VH (4)  = - 2 .0
0015 YO-XM{7)
0016 xnnnT=xN(45
0017 x ( l ) = o . r
0 0 1 % X( 21=0.0
0 0 1 0 0X0=0.02
nx o on T =- c . c 2
0 0 2 1 JK = 0
0 0 2 ? 12 JK=jK+]
0 0  23 TF(JK. 0 T. "P)O0  TH 500
0024 J 2 =l
0025 MN=0
0026 H P I T F ( t , ] 4 ! j K , X 0 , x n n n T , x ( l ) . X ( ? )
0027 14 FnRV.'17( 5X ,T 5 ,4( 2 XF 1 0.5 ) )
0 0 2 % 3 DO 15 H=I,N
0029 XI 7) =0 .0
003C 15 F XI ’M = r . 0
0031 NN=NN+1
0032 1 1 = 1
003% T=T\i
0034 DO 777 K=1,N
003 = 777 YfY) = XN(Kl
00 36 FU TO 101
0037 10 ■^n I SI x= i ,N
003% 1 5 1 0(K,L )=H*FX(K)
0030 T= TO+W /?.
0040 00  252 K=I ,N
0067 25? Y( K)=XN( K)+0( K ,L ) /  ?.
0042 L=?
0043 on TO 1 01
0044 2 0 00 ?51 K=I ,N
n n  6-5 251 G(K,L)=H*FX(KT
0046 T=TM+H/2.
0047 no 352 K = 1 , N
0^4% 352 y(X )=XN(K)+C(K,L 1 / 2 .
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FPO TP AN TV G LFVFI. 1 % 9 A 1 N 07TF = 797??
004°
005% on ^9  i%i
00 5T % 9 no 3 51 K=1
005? ?51 0 { K,L)=H*FXI  K. )
005% T- tni+u
00 54 no 45? K=1 ,N
00 55 45 2 X( X) = XN( K)+9(K,L1
0056 L = 4
0057 00 TO 101
0059 40 nn 451 K=1 ,N
0050 451 Q( K , L ) =H*F X( K)
0060 on TO 7
0061 101 CONTTNUF
006? I F ( X ( ? l . L T . 0 . 0 1 0 n t q  1 14
006% TFt X( 7) 1110,111,112
0064 1 10 F M !< { J ? ) =-1 . 0
0065 on TO 115
0066 114 y( ? ) = o . r
0067 1 1 1 FMK(J2) = 0 .0
on TO 115
0060 1 1 ? FM<(J2 ) = l . n
0070 1 1 = CONTINUE
0071 FX(1)=Y*X(2)
0072 = X f 2 ) = - A A * X( ? 1 -'■E MX ( J  7 1
007% FX(%1=X(4)
0074 FX(4 )=2 .C*Y* (F-X(111+AA*X(4 )
0075 FX(5 )= ( F -X (1 )1  **2+AL4MDA*FMK f J?) * *2
0076 FX( 6 1 = (F_X( Î ) ) * *2
0077 F X ( % ) = 1. 0
0079 FXI q)=ALAMOA*FMK ( J2I **?
0079 FX( 9 ) = TK!*( E - x t l l )  * *2
0090 FX( 101=ARS( FMK (J2)  1
0091 on TO ( 19,2 0,3 0,40)  ,L
009? 7 TNj =TKj + H
0099 nn % K=1 ,M
0096 q XN(K) = XN(Kl  + ( l . / 6 . ) * ( 0 ( K , l ) + 2 . * 0 ( K , 2 )  + 2 . *0 (K ,% 1 +0 tK ,4 1 )
0095 nn 2 iN7 = i , N
0096 ? A{ J ? , IMT) = XM(I NT)
0% .3 7 T F ( J ? . L T . 2 )Gn TO 6 6
009R TF( A( J7,  2) , l  F . 7. 0) A ( J 2 , 7 ) = A ( J 2 - l , 7 )
0 0  99 T F ( A B S f A f J ? , l ) - E ) . L E . 0 . 0 1 . A N 9 . A 9 S ( A fJ 2 - l , l ) - F ) . L E . 0 . n i . A N r
1 ABS( J2 ,2  )) .L'- . 0 . 02100  T O  2 5
OGOC !F( At ,J2, 2) .LT.  0. 0} on Tn 5 5
OOoi r.n TO 6 6
OOF? = 5 TFtKK.FO.n i  CO TO 13
n 0 % % PMK(J2 )=C . 0
00 94 A( j ? , ? )  = n .n
9095 TF(KK.OT.O) 0 0  Tn 25
0096 6 6 CONTINUE
009% J?=J7+1
0 0 0 % IF ( J 2 - 290 )1 ,1 ,1  3
0099 1 % CONTINUE
0 1 9 9 TC(Xk.GT.9)on TO 25
0 101 WB ITEt 6,211 At J2 , 1 ) ,AT J2 ,? ) , J? ,N’N, A( J? , 6  1 , x n ,  DXO,xnDOT, DX«%
0 1 0 ? ?I F^9YAT(5X,?F19 .4,21 5 ,591 0 .4 )
910% IF(NN.GT. l )Gn  TO 6
0104 A8(NN)=A(J2,1)
0105 0X0=9.n2* ( A B S (c -A P (N N ) ) ) +0 . c oo l
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TV G LEVEL I? MAIN OATF = 70223
9106 TF(Aoç(E_AH(NN)) .LF. 9.05) nyn=nxn/ ? . o
0107 XO=yn+Oxn
n 1 9 P 99 32 J=1,N
0109 ? 7 XM t J  1 = 9
01 IC 90 33 K=1,N
0111 00 33 J 2 = l , 2 0 0
0112 33 A(J2,K 1 = 0 . 0
01 13 XM(3) = yO
9114 XN(4) = X990T
0 11 5 J2=l
0116 TM = 0 . 0
■'■'1 17 on TO 3
011% 6 IF f NN .GT. 7 100 -'"0 9
7 11 o 40(MM)=A(J2 , l )
0120 AK=&3IMN-11-A3( NNl
0121 IF(AK)41, 4 2 , 4 3
012? 4  1 AK=-1.0
0123 GO TO 44
0124 4  7 A K = 0 . 0
9125 GO T,] 4 4
0 1 2 6 4 7 A K = 1 . 0
0 1 2 7 44 CONTINUE
0129 IF(A5(NN1.G%.F) 0  0 TO 45
9129 vn  = x n - 7 .  o * 6 K * n x o
9130 on %0 4 6
9131 4  5 X0 = x n + 2 .  C*AK*9X0
9132 46 CONTINUE
9133 n x o o n T = 0 . 0 ? * ( A 9 S ( E - A 3 ; N N ) ) ) + 0 . 0 0 0 1
%134 I>= t A3S( F-A3Î NMl  ) .  LE . 0 .  05 ) nxnnoT=oxoDnT/ 2 . 0
0135 XQ nn T= xn 0 n T+D X n D m
0136 9 9  34 J=1,N
913% 3 4 XN(J 1 = 0 . 0
9135 n n  4 7 K = i , N
0139 n n  47 J 2 = l , 2 0 0
0 1 6 9 4 7 A t J 7 , K1=0.0
0141 XN(31 = Xn
9 1 4 2 XN( 4 )  = X090T
0143 J2=l
0144 T N = 0 .  0
0145 GO TO 3
0146 9 A3 t NN! ) =A(J2 , 1)
0147 PK=ABt N N - 11- A3 f N N )
0143 I = t 3 K) 5 1 , 5 2 , 5 3
9149 51 %K=-I. 9
0150 GO T n  54
0151 = 7 ?K=9.0
0152 9 9  T 9  5 4
0153 5 3 3K=1.0
0154 5 4 CON TIN !JE
0155 TC(AP(NN1.GT.F1Gn Tn 5 6
0156 XOOOT=XODOT-?.9*BK*0X0nnT
7 ] 5 7 GO T9 5 7
0155 5 6 X n n n T = X n n n T + 7 , n 7 p X 4 0 X 0 n 0 1
9 159 F7 99  5 F J=1,N
0160 5 7 XM t J )  = o . 0
0 1 6 1 nn cq x= i ,N
0162 no 5 9  J 2= l , 2 0 0
016? 5 9 A ( J 2 , K1=0.0
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0169 5C5 cqomaTI ’ CONVERGENCE HAS NOT BEEN OBTAINED' )
017% nn TP 700
0171 25 CONTINUE
017? IF ( A( J2,  ? )  . l E  . 0 .  0)  GO TP 211
0 1 73 90 TO 2 1 2
0 1 7 4 2 1  1 A(J2 ,2 )=G.O
0175 FMK(J2)=C.O
0176 21 7 J? = J?+1
0177 KK=7K-^1
0176 TF(KK.LT.1%) 9% TO 1
0179 %N = 0 .  0
GIRO L= 1
0191 DO 26 K=1 ,N
019? 2 6 A ( L , K ) = C . 0
0 193 A{ 1,3)=X0
0194 A ( l ,  4 ) = YCOOT
0195 J = 1
0196 W? I t e ( 6 ,75)  J,TN,FMK{ I )  , ( A { L , K) ,K = 1,N)
0187 75 EOPMATI1H1,4X,15 ,12=10 .5)
0199 I = J 2 - 1
GIRO TN=H
0190 %o 6 7 j = i , r
0191 WRITF(6,61)  J,TN,EMK(J ) , ( A ( J , K ) , K  = 1,M1
0 1 %? 61 F0PMAT(5X, I5 ,12F1C.4)
0193 6.7 TN=TN+H
0 1 94 700 STpn
0I%5 ■ FNO
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p.noTO AV TV' n L"V"| . 1 - n ^ T r  = 7 0 2  2 3
r 03  ri TP V AO I r’ S '-'A ^1 OiJM 9 RTVCTP1 F
r THTOn OPOpc  S ^ S T - 3  kT TH HNP TT v r  CONSTANT
r. 1 0 T r n ? A |  r p p n c  53U&8 FO P F P c n D v a N C -  TOnpx
r FOURTH n p o E P  P U N G F - K U T T *  I NTEGRATI ON
C HATA C A 9 3 S  rONTATM NUMppq PF EQUATI ONS
r T  M .r S T 7 r np  jij c t .\ir p c p;c fj j
C THF I N I T I A I  VALUE OF X
r AND THF I N I T I A L  VALUES FOR EACH F ( X )
r THE F I R S T  NUMQFp f S  T N t FADMAT
r TH" = E S T  AP E If '  F FORMAT
n o o l n i * F N S T O N  X N ( 1 ? ) , X ( 1 2 ) , Q ( 1 ? , 4 ) , F X ( ] 2 ) , 4 ( 2 0 0 , 1 2 )
o o r ? 3 T % E " S I 0 N  A R ( 4 ) , E M K ( 2 0 0 )
0 3 0 ? OF i n  1 3 3  , N , H , T N , ( Y N ( K ) , K = 1 , N 1
n n o & 3 0 0 F n P H A T ( l 2 , l 4 F 4 . 2 )
. 0 0 0 5 HR 1 TE ( 6 , 1  3 3 ) N , H ,  T N , {  XN(K') , K=1  , N)
3 0 0 6 1 3 3 FORMAT!  I H O , I  2 , 1 4 ( 2 X 1  0 4 . ? )  ) )
0 3 0 ^ K / = n
OOO? T l = ) . m
o o n c A A = 1 . 3 / T 1
3 0  10 Y=AA
0 3 1 1 E = l . n
3 0  12 A L A v n A = l . 0
3 0  1 ? X N ( 4 ) = l . T F
3 0 1 4 VM ( 5 ) = - 2 . 7 5
3 3 1 5 y N f 6 ) = i . ? 5
n n 1 A, yA = XN^ 4 )
3 3 1 7 YRt r X0 { 5 )
3 0 1 8 xr = xN ( 6 )
3 0 1 0 X( 11 = 0 . 0
3 0 2 3 X( 21 = 0 .  3
0 0 2 1 X ( 3 1 = 0 . C
0 0 2 2 0 X 4 = 0 . 0 5
0 3 2 3 n X 3 = - 3 . 3 5
0 0 2 4 0 X C = - n . r 5
3 3 2 5 JK = n
3 0  2 6 1 2 J K= J K+ 1
0 3 2 7 I F f J K . G T .  1 3 3 ) 0 0  TO 5 3 3
0 0  28 J 2 = l
3 0 2 3 NN = 3
0 0 3 0 W P I T F ( 6 , 1 4 1 J K , X A , D X A , X 3 , n x B , x c , D X C , X ( l l , X ( 2 ) , X ( 3 )
0 0  31 16. onPM, AT(  5 V , T  6 , q (  ? YF1 0 . 5  ) )
0 0 3 2 3 n o  1 5  V = l , N
0 0 3 3 X ( ^ ) = 3 . 3
" 0 3 4 15 F X ( M 1 = 3 . 3
n o ? 5 NO =NN+ 1
O n ?6 1 1 = 1
0 3 3 7 T= T^ }
0 0 3 8 n n  7 7 7  X = 1 ,M
0 3 3 3 -7-77 X( K) = XN( K)
0 0 4 ^ 3 3  "'"F 131
0 3 4 1 1 0 n o  151  Kr-l , M
0 0  4 2 1 5 1 Of '<, L 1 =H*F Y( K)
0 0 4 3 = z: T \ |  +U /  7 .
0 0 4 4 nn 2 5 2  K = 1 , m
0 0 4 5 2 5 2 X( K)  = X N ( K ) + n ( K , L ) / 2 .
0 0 4 6 L= n
" T ^ 7 no  TO 131
0 3 4 % 20 nn 2 5 1  K =1 , H
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FOS A'.! TV G LFVFL ] Q OA^F = 7 n ? ? 3
7 5 1 0 ( '< , L ) =H*F Y(K1
" 0  5r- T = T u + H / 2 .
nn 3 5 2  x = 2 , N
0 0  5? 3 5 ? y ( K )  = Y N ( K ) + n , K , L ) / 2 .
n n  5 ? 1 = 7
0 0 5 4 nn j n  i m
0 0 5 5 nn 3 5 2  K = 1 , N
0 0 5 6 7 5 1 0 ( K , L ) = H * F X ( K ]
0 0 5 7 T=T5J+M
n n F S nn 4 52  K = 2 ,M
0 0 5 0 4 5 ? X ( K 1 = X N ( X ) + 0 ( K , l l
0 0 6 0 1 = 4
0 0 6 ] o n  Tn 1 fn
0 0 6 2 4 0 n n  4 5 ]  K = 2 , N
0 0 6 3 4 5  I 0 ( K , 1 ) = H * F Y ( K )
0 0 6 4 GO TO 7
0 0 6 5 1 0  1 OONTTNUF
0 0 6 6 [ G(  J 2 . l t . 2 )  n r  TO ] n2
0 0 6 ? T F ( F M X ( J ? - l ) . E O . n .  o ) o n  Tn 1 1 4
0 0 6 8 1 0 2 rONTTNUF
0 0 6 9 I F f  X( 4 1 ) n . 3 ,  1 1 1 . 1 1 2
0 0 ? 0 1 1 0 J ? ) = - l . 0
0 0 7 1 o n  r n  1 ] 5
0 0 7 ? 1 1 4 A ( J ? , ? ) = 0 . n
0 0 7 3 A t J 2 , 3 1 = 0 . 0
0 0 7 4 1 1 1 T M K ! J 2 1 = 9 . 0
0 0 7 5 0 0  TO 1 1 5
0 0 7 6 1 1 ? CMKt J ?  1 = 1 . 0
0 0 7 7 1 I 5 CONTI NUE
0 0 7 8 F X ( l l = X t ? l
0 0  7 0 FX(  2 l = Y*Xt  7)
0 0 5 0 FXt  3 ) = - A A * X (  3 )  +EMK(  J?1
0 O p. 1 F X ( 4 1  = Xt 51
0 0 9 2 F X ( 5 1 = X ( 6 1
O O a ? F X ( 4 l  = A A * X ( 6 1 - 2 .  n * Y *  ( E - X ( l ) l
0 0 9 4 F X t  7 1 =  ( F - X t  1 1 1 * * ? + A L A M O A * E M X ( J 2 1 * » 2
n 0 9 5 F X | 9 1 = t F - X ( l l l * * 2
0 0 G 6 F X t c ) = l . O
0 0 9 7 FXt  101  =.A L A MO A *  F M X ( J 2 1 *  * 2
0 0 9 9 " X !  11 1 = T N » ( F - y ( l l l 4 * 2
0 C 8 G F X ( 1 ? ) = A B S ( E M K ( J ? ) 1
Of) 9 0 4 o n  -^n ( 1 0 , ? ? , ?  ■7,4 0 )  , L
0 0 9 1 7 T\! = TN + M
0 0 9 2 0 0  ? K = ] , N
0 0 2 3 5 X N ( X ) = Y N t % ) + ( l . / 6 . 1 * ( Q t F , l l + ? . » 0 ( K , ? l + ? . * 0 ( X , 3  1 + 0 f K , 4 )  )
0 0 9 4 o n  2 TNT= 1 , M
0 0 9 5 2 A( J 2 ,  I MTl = XNt I  NT)
0 0 9 6 IFt  . I 2 . L T . 2  1G0 TO 6 6
0 0 9 7 I F ( A ( J 2 , 2 ) . L r . 0 . ? l  A t J 2 , 7 1 = A ( j 2 _ l , 7 )
0 0 9 9 T F ( .A 3 S ( A ( J 2 , 1  ) -  E 1 .  L F . 0  .  0 2 .  ANO.  APS ( At J ? - l  , 1  ) - F )  ,L F . O . 0 2 . A N f
1 I B S t A t  J 2 , 2  ) ) . L F . 0 . 0 3 . A M O . A B S ( A t J 2 , ? ) 1 . L F . 0 . 0 3 1 G 0  TO 2 5
0 0 9 O T F ( A t J 2 , 2 ' . L E . - 0 . 0 5 . O P . A B $ ( A ( J 2 , l l - F l . G E . E ) 0 n  TR 5 5
0 1 0 0 GO TO 6 6
0  1 0  1 G5 I F t K X . E O . ^ l  o n  Tn 13
0 1 0 ? 9 M K ( j 2 l  = o . o
0 1 0 3 At ] ? ,  2 1 = 0 .  0
0 1 0 4 At J 2 , 3 1 = 3 .  0
0 1 0 5 I F ( K X . G T . O )  GO Tn  2 5
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FRPTO AO I\/ r. L E V 71 I P M/Mfv nATp = 7 0  2 23
6 4 .p n \ . T T ! ic
0 1 3 7 J 2 = J 2+ ]
0 1 0 % I F ( .J 7 -  2 0 0 )  1 , 1  , 1 7
0 1 0 9 1 7 f  0  '-1 T T -Ni LIP
O i l ? l F ( K K . G T . G ) n n  TR ? 5
0 111 y ? T T F ( 6 , 2 1 )  A ( J 2 , ] ) , A ( J 2 , 2 ) , 4 ( J ? , 3 ) , J 2 , M N , A ( j ? , o ) , y & , D X A ,
1 X C , 9 X 0
0 1 1 2 2 I F n P M A T ( 5 X , 3 F l 0 . 4 , 2 1 5 , 7 5 1 9 . 4 1
0 1 1 3 1F ( M N . G T . 1 )CR = 0  6
0 1 1 4 A3 (ON ) =.M J 2 ,  1 )
0 1 1 5 DXA = n . 0 2 * ( A B S ( F - A S f N N ) ) )
0 1 1 6 T F ( A 3 S f F - A 3 ( N N 1 ) . L E . O . 0 2 )  n X A = 0 X A / 2 . 0
0 1 1 7 XA = XA+9XA
0 1 1 3 n n  3 ?  J = 1 ,M
O l i o 3.7 XMI J )  = 0 . 0
0 1 2 0 n n  7 7  K= 1 , N
0 1 2 1 o n  3 3  J 2 = l , 2 0 0
0 1 2 ? 3 1 A ( ) 2 , K )  = 0 . C
0 1 2 ? VM ( 4 ) = XA
0 1 2 4 X N ( 5 )  = X3
:'i 35 X N ( 6 )  = XC
0 1 2 6 J 2  = l
0 1 2 7 TN = 0 . 0
0 1 2 P nn Tn 9,
0 1 2 0 6 T F ( N N . G T . 2 ) 0 n  TO 9
0 1 3 0 A 3 ( N N ) = A I J 2 , l 1
9 1 7 1 A K = A 3 ( N N - 1 ) - A 3 ( NN)
0 1 3 2 T F ( A K ) 4 l , 4 2 , 4 3
0 1 3 3 41 AK=- 1  .  0
0 1 3 4 GO TO 4 4
0 1 3 5 4 ? A K = 0 . 0
0 1 3 6 GO TO 4 4
0 1 37 4 ? A K = 1 . 0
0 1 3 3 4 4 CONTI NUE
0 1 3 0 I F { A 0 ( N N l . G T . F )  o n  TO 6 5
0 1 4 0 XA = XA -  2 .  0*A 1/  *n XA
0 1 4 1 GO Tn 4 6
0 1 4 2 4  5 XA = XA + 2 .  0 * AK* n XA
0 1 4 3 4  6 CONTI. MfF
0 1 4 4 0 X3  = 0 .  0 2 * ( A B S ( E - A B (  NN) ) 1
0 1 4 5 i F ( A 3 S ( F - A 3 ( N N ) ) . L F . 0 . 0 2 )  0 X 3 = 0 X R / 2 . 0
0 1 4 6 X3 = X3 +Dx n
0 1 4 7 0 0  7 4  J = 1 , N
0 1 4 3 3 4 X N ( J )  = 9 . n
0 1 4 0 nn .47 K = 1 , N
0 1 5 0 0 0  4 7  J 2 = l , 2 0 0
0 1 5 1 ^ 7 A( | 3 , K  ) = n .  n
0 1  52 X N ( 4 ) = X A
0 1 5 3 XN ( 5 ) = XP
0 1 5 4 X N ( 6 )  = xr
0 1 5 S J 2 = l
3 1 3 6 TN= 0 . n
0 1 5 7 o n  Tn 3
0 1 5 3 Q T F ( N N . G T . 3 ) 0 n  r p
0 1 5 9 A3 ( Nr n  = A ( J 2 , l i
9 1 6 0 P K= AR( NN- 1 1 - i P ( N N )
0 1 6 1 T F ( 3 X ) 5 1 , = 2 , 5 3
9 1 6 2 5 1 ° K = - 1 . n
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POR Tq IV 0  r n v P L 1" MAIN OAT? = 7 0 ? ? 3
0 1 6 ? r.p Tn PA
0 1 6 4 5 7 ? K = 7 . 9
C 1 6 5 r,n T.n 54
0 1 6 6 5? 8 K = 1 . 0
0 1 6 7 54 r n o T T N U F
0 1 6 8 I F ( A 8 ( N N ) . O T . F ) G n  Tn R4
0 1 6 9 y 9 = X R - 2 . 0 * B K * O X 8
0 1 7 0 r,n TO c 7
9 171 56 XO = X8 + 2 .  0 * 8  X *n y 3
0 1 7 ? 5 7 CONTI NUE
0 1 7 3 0XC = 0 . : I * ( A P S ( E - A B ( N N ) ) )
0 1 7 4 I F ( A 8 S ( F - A 8 ( N u , ) . L E . 0 . 0 2 )  O X C = O X C / 2 . C
C 1 7 5 XC = XC + DXC
0 1 7 6 DO 5 8  J = 1 , N
0 1 7 7 5 8 XN( . J)  = 0 . 8
0 1 7 8 no 5 G K = 1 ,  N
0 1 7 n o n  5 9  j ? = i , ? g n
0 1 8 0 5 q A ( J 7 , K  1 = 0 . 0
0  1 8 1 X N ( 4 ) = X A
0 1 %? Y N ( 5 ) = X 8
0 1 8 3 YN ( 6 i = xr
0 1 8 4 J 2 = l
0 1 8 5 TM = 0 . 0
0 1 8 6 on TH p
0 1 8 7 1 1 A R ( N N ) = A ( J 2 , 1 )
0 1 8 8 C K = ABI NN-  1 ) -  A B ( N )
0 1 8 9 I C ( C K ) 9 1 , 9 2 . 9 ?
0 1 ° 0 9 1 C K = - I . C
0 1 9 1 C,n TO 94
0 1 9 ? '=2 C K= 0 . 0
0 1 9 ? GO TH 9 4
0 1 9 4 9 3 C K = + 1 . C
0 1 0 5 9 4 CONTI NUE
0 1 9 6 TF{ A3( '^N ) . G ^ . E  100  TO
0 1 9 7 X C = X C - 2 . C * C K * 0 X C
0 1 9 8 GO TO 96
0 1 9 9 '7 5 XC = X C + 7 . 0 * C K * D X C
0 2 0 0 <75 on 97  j = i , N
0 2 0 1 9 7 XN ( .1 ) = 0 . 0
0 2 0 ? 0 0  a g  K= 1 , N
0 2 0 ? 0 0  0 9  J ? = l , 2 0 0
0 ? 9 & " 8 A ( J 2 . K  1 = 0 . 0
0 2 0 5 XN ( 4  1 = XA
. 0 2 0 6 XN ( 5)  = yp
0 2 0 7 X N ( 6 )=XC
0 2 0 8 TN = 0 . 0
0 2 0 9 GO T n  12
0 2 1 0 tr q WP I T ? (  6 ,  5 0 5 )
0 2 1 1 5 0 5 FORMAT;  ’ Cn\ | VFP GFNC E HAS NOT BEEN O B T A I N E D ' !
0 2 1 2 GO TO 7 0 0
9 2 1 ? 2 5 CONTI NUE
0 2 1 4 IF f  A( 1 2 , 2 1  . LF  .  '7. 01 GO T P  7 1 1
0 2 1 5 GO TO 2 1 2
0 2  16 21 I A t J 2 , 2 1= 0 . 0
0 2  1 7 A t J 2 , 7  1 = T . o
0 2 1 8 EMKt J ?  1 = 0 . 0
0 2  19 21 ? J 2 = J ? + 1
9 ? 2 0 KK=KKf1
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0 2  2 ? 
0??? 
0??4
TV r  LFVFL 1 3 MATN RAT F = 70223
[FfKK.LT. ioi  o n  T r  1
TN = n. 0
L = 1
on 2 6  K=T,%
02?5 26 4(L,K  1=0.9
0226 A( l , 4 ) =XA
0227 A ( 1 , 5 1 =  XP
0228 A ( 1,  6 1 = VC
9229 .,!= 1
0230 VP I T E t  6,751J,TN,FMK (1 ) , ( At  L ,K1 ,K=] , Ml
0231 7 5 FORMAT;  i M i  ,4X,T5,14Fg.41
0232 T = J2-1
0233 I'M =M
0234 o n  6 2  J  = 1 , T
0235 WRITE! 6 ,61)  J,TN,FWK(J ) , ( 4 ( J , K ) , K = 1 , N )
0 2 36 A 1 format ; 5 X ,  I P,1 4F 8.4)
0237 6 2 tm=tm+h
0238 i r  n STTP
0 2 3 9 r u n
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